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Abstract—Present hole-healing algorithms in wireless sensor
networks often result in sub-optimal node placements or incur
high computational overhead. In this paper, we develop the Geo-
metric Inversion-Based Hole Restoration Algorithm (GIBHRA),
a novel and efficient approach that formulates the hole healing
task as the challenge of finding a maximally inscribed circle
perfectly tangent to the three boundary nodes defining a coverage
void. By applying geometric inversion, GIBHRA effectively cal-
culates the mathematically optimal location for a new restorative
node, thereby maximizing its potential coverage within the void.
Simulation results demonstrate GIBHRA is decisively superior
to benchmark methods for coverage efficiency, node deployment,
resource efficiency, and hole healing in areas with coverage holes.

Index Terms—Wireless Sensor Networks, Coverage, k-
coverage, Hole Detection, Hole Restoration, Hole Healing

I. INTRODUCTION

Among the various design, efficiency, and protocol chal-
lenges in wireless sensor networks, maintaining network cov-
erage stands out as one of the most critical and pivotal
problems. A wireless sensor network can be defined as a
large network containing a collection of spatially distributed
sensor nodes that wirelessly monitor physical or environ-
mental conditions, usually remotely placed [1]. However, the
common practice of random node deployment in many real-
world applications may result in certain areas in the network
remaining uncovered, leading to “coverage holes” or areas
left unmonitored. This can severely degrade network perfor-
mance and result in low effectiveness in achieving coverage.
System or hardware failures can also contribute to coverage
hole generation as described by Adday et al. [17]. Coverage
holes can also occur due to the predictable death of nodes
whenever nodes run out of battery or reach power exhaustion
as described by Shakhov et al [16]. Although many algorithms
have been proposed to detect and heal coverage holes within
a network [10, 13], they frequently suffer from high compu-
tational overhead or result in sub-optimal placement for new
restorative nodes.

To address these limitations, this paper proposes the
novel Geometric Inversion-Based Hole Restoration Algorithm
(GIBHRA). We formulate the hole restoration problem as a
geometric challenge of finding a fourth circle that is mutually
tangent to the three sensor discs bounding a coverage void. Our
core contribution is therefore a novel and efficient method that
leverages the principles of geometric inversion to solve this
problem for the general case of non-tangent sensor discs in a
network, thereby allowing us to get the ideal node placement
location and improve the quality of service within a network.

In this paper, we consider a wireless sensor network
consisting of a set of n randomly deployed nodes S =
{S1, S2, . . . , Sn} in a 2D Euclidean plane. Each sensor has a
uniform sensing radius Rs, a sensing disc and a respective area
it covers within the network. A coverage hole H is defined
as a region within the network’s monitored area that is not
covered by the sensing disc of any node. Such a hole is
typically bounded by a subset of boundary nodes, B ⊂ S. The
primary objective in this paper to tackle the coverage problem
is to deploy a single new sensor node in a coverage void
given three non-overlapping and non-intersecting boundary
sensor nodes in a WSN. This geometric challenge is based
on the classical problem of Apollonius [11]. Our approach
consists of first identifying a set of non-overlapping triplets,
T = {(Si, Sj , Sk), . . . }, where each triplet satisfies the condi-
tion distance(Sa, Sb) ≥ 2Rs. For each triplet, the subsequent
task is to find the center (xc, yc) and radius rc of a fourth
circle Cc that is mutually tangent to the sensing discs of Si, Sj ,
and Sk. The solution to this problem, (xc, yc), provides the
optimal placement location for the restorative sensor Sc that
guarantees sufficient coverage. The corresponding radius, rc,
provides the largest possible sensing range the new node could
have while precisely fitting within the void defined by the
three nodes, thereby maximizing the restored area. We define
the optimal placement location as the center of the maximally
inscribed circle that is mutually tangent to the three boundary
sensor discs defining the coverage hole. Through extensive
simulation, we demonstrate that GIBHRA is significantly more© 2025 IFIP
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effective at node deployment, achieving a coverage efficiency
of 99.2% in sparse networks as well as more cost effective,
requiring up to 48% fewer restorative nodes than benchmark
algorithms.

II. RELATED WORK

Over the past years, extensive research efforts have been
devoted to studying the notable coverage problem in WSNs,
including hole detection and hole restoration [5],[6], and [18].

A. Hole Detection Strategies

Hole detection for k-coverage networks is incredibly impor-
tant, as detecting holes can help us incorporate hole recovery
methods to guarantee coverage. Research on hole detection can
be focused on three main categories: topological, geometric,
and statistical approaches. Yan et al. [7] uses the topological
method of a simplified Rips complex to identify the bound-
ary cycles of coverage holes by detecting non-neighboring
edges. These edges are considered boundary edges for the
hole detected. Zhang et al. [9] proposes a perimeter-coverage
checking approach by identifying intersection points of two
perimeters of sensing disks. It then identifies covered and un-
covered intersection points, described as crossings. Similarly,
the Distributed Coverage Hole Detection protocol is proposed
by Sahoo et al. [10], which detects coverage holes by having
each node classify the intersection points with its neighbors as
either uncovered critical points (CIPs) or covered points. The
algorithm then localizes these CIPs spatially and traces them in
a clockwise manner to form a bounded or unbounded coverage
hole. Khalifa et al. [22] propose an algorithm where, upon a
node’s failure, its immediate neighbors calculate uncovered in-
tersection points (UIPs) to define the hole’s boundary, identify
the relevant set of points corresponding to the failure, and then
locally broadcast this information to allow all adjacent nodes
to map the complete hole perimeter.

B. Hole Healing Strategies

Several papers have explored elegant geometrical ap-
proaches to finding optimal hole restoration techniques. Qiu
et al. [2] proposes the Distributed Voronoi-based Cooperation
scheme, in which Voronoi diagrams utilize both global and
local k-order variants to identify uncovered vertices, coverage
holes and correspondingly coordinate mobile sensors for heal-
ing. Wang et al. [3] propose an interpolating placement scheme
to place sensors in an empty field from scratch to prevent
holes from ever forming in the initial layout. Wang achieves
this by first partitioning the complex field into “single-row
regions” and wider “multi-row regions.” For single-row re-
gions, sensors are placed along a calculated geometric derived
bisector while, in multi-row regions, sensors are deployed in
a highly structured, grid-like pattern in either a rectangular or
triangular lattice to guarantee complete coverage and connec-
tivity. Khalifa et al. [4] proposes the heuristic hole healing
algorithm that repairs coverage holes by adjusting the node’s
sensing range and relocating it to a new position whenever a
node failure is detected. In the situation where a node detects

any of its neighboring nodes to fail, it coordinates among its
neighboring nodes a node to recover the new uncovered area.
This self-healing algorithm heals coverage holes by calculating
the target location to be covered and calculating the necessary
distance for the selected node to be expanded. Babaie et al.
[19] uses triangulation by relying on placing new nodes at
heuristic locations derived from the triangle of sensor centers,
like its incenter or circumcenter. However, it is not as precise
because the placement of the new node is based on geometric
properties of the triangle connecting the sensor centers, rather
than the actual curvilinear boundaries of the void itself.

III. SYSTEM MODEL

Let us consider a wireless sensor network with randomly
deployed n sensor nodes in a rectangular grid. It is assumed
tangency among nodes is extremely rare, if not impossible, by
nature of the randomly deployed process. Furthermore, nodes
in the network may have considerable overlap with other nodes
to achieve k-coverage. Conversely, there may be sparse nodes
that form coverage holes.

This network will be modeled as a set of n static, homoge-
neous sensor nodes, denoted by S = {S1, S2, . . . , Sn}. Each
node Si ∈ S is defined by its cartesian coordinates (xi, yi)
in a two-dimensional Euclidean plane, for i = 1, 2, . . . , n.
For our model, the system model and associated definitions
presented are adapted from the distributed coverage hole
detection protocol established by Sahoo et al. [10] and the
Voronoi diagram hole detection protocol by Qiu et al. [2]:

• Sensing Disc: Each sensor node Si is assumed to provide
complete coverage within a circular region of radius R
centered at its coordinates, known as the sensing disc.
Any object within this circle centered at its location is
said to be detected by the sensing disc. The radius of the
sensing disc is referred to as its sensing range, Rs.

• Neighboring Nodes: Two nodes, Si and Sj , are consid-
ered neighbors if their sensing discs intersect. Formally,
the set of neighbors for a node Si, denoted N(Si), is
given by:

N(Si) = {Sj ∈ S | Sj ̸= Si and d(Si, Sj) < 2Rs}

where d(Si, Sj) represents the Euclidean distance be-
tween the centers of nodes Si and Sj .

• Coverage Hole: Any part of the wireless sensor network
region not covered by the sensing disc of any sensor.

• Unbounded Hole: A coverage hole is said to be un-
bounded if its area is not fully enclosed by the sensing
discs of the deployed nodes. The area of unbounded holes
extends to the perimeter of the network.

• Bounded Hole: A coverage hole is bounded if its area is
enclosed by the sensing discs of the deployed nodes.

• Boundary Sensor Node: A node Si is classified as a
boundary sensor if a portion of its sensing disc’s circum-
ference is not covered by any of its neighbors in N(Si).

• Critical Intersection Points: Let there be two nodes, Si

and Sj . A critical intersection point is designated as a
point where the sensing boundary of a node Si intersects
with its neighboring node Sj .
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IV. ALGORITHM

In this section, we outline our hole restoration approach
as follows. Phase 1 identifies the set of boundary nodes that
form a hole in order to avoid redundantly choosing non-
boundary sensor nodes. This ensures our algorithm does not
waste computational resources on irrelevant, interior nodes.
Phase 2, which is our core hole detection method, describes
the Delaunay triangulation approach to select three non-
intersecting and non-overlapping nodes for hole restoration.
Phase 3 describes our novel geometric inversion approach
(GIBHRA) and its respective mathematical properties to find
a solution for an optimal center for placement in a coverage
hole.

A. Algorithm

1) Phase 1: Identify Boundary Sensor Nodes: Phase 1 of
the algorithm will filter the entire set of N sensor nodes, S,
to identify the subset of m nodes, B, that actively border
a coverage hole. This pre-processing step will significantly
reduce the search space for more densely deployed wireless
sensor networks. All nodes satisfying this boundary condition
are subsequently aggregated into the result set, B, to serve as
the direct input for the subsequent triplet selection process.

Algorithm 1 Phase 1 - Identify Boundary Nodes

1: Input: S, the set of all nodes.
2: Output: B, a list of boundary nodes.

3: Initialize B ← ∅
4: for all node Si in the set of all nodes S do
5: Let N(Si) be the set of neighboring nodes to Si.
6: if Si has an arc on its sensing circle not covered by

any node in N(Si) then
7: Add Si to the list B.
8: end if
9: end for

10: return B

2) Phase 2 - Delaunay Triangulation Based Approach: The
primary objective of phase 2 is to produce a set of Triplets,
T = {(Si, Sj , Sk)} from an input set of N boundary nodes
such that all three nodes are non-overlapping, non-intersecting,
and are sourced from a pre-identified set of hole-boundary
nodes. A triplet is considered valid if its constituent nodes are
mutually non-overlapping and non-intersecting, meaning the
Euclidean distance between the centers of any two nodes in
a triplet is greater than or equal to twice the uniform sensing
radius, Rs.

The first fundamental step in solving this problem is iden-
tifying three non-intersecting, non-overlapping nodes to serve
as a geometric basis for our hole restoration solution. The
nodes must be non-intersecting and non-overlapping to ensure
a well-defined geometric basis for our hole restoration solution
and to ensure at most 8 distinct solutions as described by
Gisch et al. [11]. By Gisch et al. [11], when circles intersect
or overlap, the problem becomes ill-posed, and the number
of valid tangent solutions may become infinite or degenerate.

It would also significantly increase the computational com-
plexity in our algorithm and introduce ambiguity in geometric
interpretation. Furthermore, in a wireless sensor network, if
two nodes intersect or overlap, there is less of a gap or
hole in the specific region that needs to be filled. A naive
approach to triplet node selection would consist of a brute-
force search approach by iterating through all other nodes
to find its two closest valid partners, resulting in a O(m3)
time complexity. To improve efficiency, let us consider using
a Delaunay triangulation and localization approach adapted
from Qiu et al. [2] and Zhang et al. [8], respectively. Delaunay
triangulation is utilized by partitioning a set of points in a
plane into a mesh of non-overlapping triangles such that the
circumcircle of any triangle contains no other points from the
set. This step is crucial because it focuses on finding spatially
proximate nodes for ideal node selection while inherently
pruning distant nodes that would not form a well-defined void.
Moreover, localization is utilized in this phase to obtain the
precise coordinates (x, y) necessary for Delaunay triangulation
to enforce distance-based filtering constraints and ultimately
perform our precise geometric inversion required to solve
for the restorative node’s optimal placement. The algorithm
first sets an adaptive distance threshold, Td, based on the
current network’s coverage and progressively decreases as the
network coverage increases. This adaptive distance threshold
ensures our hole detection process is prioritizing major hole
areas when the network coverage is low and progressively
relaxes the threshold constraint to identify smaller holes as the
network becomes denser. It then generates a set of candidate
triplets by performing a Delaunay triangulation on the bound-
ary nodes and filters these candidates by ensuring all triangle
edge lengths exceed Td. This edge-length check serves as the
primary filter to enforce sufficient separation between nodes
in order to satisfy the non-overlapping condition. For each
valid triplet, it performs a spatial validation to confirm that
the area bounded by the nodes represents a true, uncovered
void and the resulting list of confirmed triplets is prioritized
by the largest perimeter for sequential restoration. Specifically,
this spatial validation ensures that the precise location is not
within the sensing range of any existing node in the network.

3) Time Complexity Analysis: Let m ≤ n denote the
number of hole-boundary nodes identified in Phase 1 and
n be the number of nodes in the network. In Phase 2, we
construct a Delaunay triangulation on the m boundary nodes
using O(mlogm) time complexity. The Delaunay triangulation
of m points will produce O(m) candidate triangles. The
algorithm then iterates through each of these triangles where
it iterates through all n nodes of the original network to see
if the circumcenter of each candidate triangle produced by the
Delaunay triangulation is covered. This takes O(n) time. Since
this O(n) check is performed for all O(m) triangles, the total
time complexity is O(m ∗ n).

B. Geometric Inversion Process

Geometric inversion is a powerful problem-solving tech-
nique that allows complex problems to be translated to simpler,
smaller problems. In particular, the practicality of geometric
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Algorithm 2 Adaptive Triplet Selection via Delaunay Trian-
gulation

Input: Node set S, boundary nodes B, coordinates P ,
sensing radius Rs, coverage ratio ρcov
Output: Prioritized list of triplets T

1: function SELECTTRIPLETS(S,B, P,Rs, ρcov)
2: if ρcov < 0.60 then
3: τd ← 1.8 ·Rs

4: else if ρcov < 0.85 then
5: τd ← 1.6 ·Rs

6: else
7: τd ← 1.4 ·Rs

8: end if
9: PB ← getCoords(B,P )

10: DT ← delaunay(PB)
11: C ← ∅
12: for each triangle (vi, vj , vk) ∈ DT do
13: (si, sj , sk)← getNodes(vi, vj , vk, B)
14: dij ← dist(si, sj)
15: djk ← dist(sj , sk)
16: dki ← dist(sk, si)
17: if dij > τd and djk > τd and dki > τd then
18: (xc, yc)← findCircleCenter(si, sj , sk)
19: if (xc, yc) ̸= null then
20: if not isCovered((xc, yc), S,Rs) then
21: p← dij + djk + dki
22: Add (si, sj , sk, p) to C
23: end if
24: end if
25: end if
26: end for
27: Sort C in descending order of p
28: T ← extractTriplets(C)
29: return T
30: end function

inversion lies in the ability to apply an appropriate inversion
and reapply the same inversion again in order to translate back
the results to the original problem. In this section, we formally
define what geometric inversion is, its corresponding proper-
ties, and provide our inversion hole restoration approach.

1) Geometric Scenario and the General Problem: The geo-
metric relationship between three nodes to solve for a mutually
tangent solution circle can fall into three categories. In case
1, all three nodes are already pairwise tangent to each other.
This is also called Soddy circles by Gisch et al. [11]. Solving
for a fourth circle inscribed in three pairwise tangent circles
is simply done using Descartes’ circle theorem as described
in [12]. The theorem relates the curvatures (k = 1/r) of four
mutually tangent circles. Given the curvatures k1, k2, k3 of the
three known sensor nodes, the curvature k4 of the restorative
inner circle is given by Soddy’s formula:

k4 = k1 + k2 + k3 + 2
√
k1k2 + k2k3 + k3k1 (1)

This provides a straightforward algebraic solution for a
perfectly tangent configuration. However, our model consists

of randomly deployed sensor nodes, which makes tangency
very rare and therefore impractical to solve. Let us consider
case 2 with one pairwise tangent circle and one non-tangent
circle. Descartes’ Circle Theorem is not useful here because
it lacks the geometric structure where the distances between
all centers are fixed. Again, due to the nature of randomly
deployed sensor nodes, achieving tangency between two nodes
is exceptionally rare. Let us now consider case 3 as the
most common scenario in a randomly deployed WSN where
three non-tangent circles are most common. Finding a solution
circle tangent to all three nodes is difficult and non-trivial, as
described by [9]. Our proposed method therefore introduces
geometric inversion to make the problem easier to solve.

A

B C

k1

k2
k3B′C′

1

A′

k4

Fig. 1: Three pairwise tangent circles k1, k2, k3 with points
A,B, and C as their centers of the primary circles. The
restorative circle, known as the inner Soddy circle, k4, is
shown to be mutually tangent to the three larger circles and
inscribed within the central, curvilinear gap.

A

k1

B

k2

C

k3

k4

(a)

A

k1

B

k2

C

k3

k4

(b)

Fig. 2: Illustration of geometric scenarios. (a) A configuration
with two tangent circles (k1, k2) and one non-tangent circle,
k3. (b) The classic Soddy circle configuration with three
mutually tangent circles, where k4 is the solution Soddy circle.

C. The Geometric Inversion Framework

Geometric inversion is a transformation of the Euclidean
plane that maps circles and lines to other circles and lines.
The principles of geometric inversion possess properties that
are highly suitable for analyzing network topology.
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1) Definition of Geometric Inversion: The formal definition
of geometric inversion is adapted from [9] and [14]:

Let k be a circle of inversion in the plane with center O
and radius r. The geometric inversion with respect to k is
a transformation that maps a point P (where P ̸= O) to its
inverse point P ′. The definition can be stated in two equivalent
ways. Figure 3 provides a visualization.
1) Algebraic Definition: The inverse point P ′ is the unique
point lying on the ray

−−→
OP that satisfies the given relation:

OP · OP ′ = r2 The points P and P ′ are called a pair of
inverse points with respect to the circle k. By this definition,
points inside the circle k are mapped outside, and vice-versa.
Points on the circle k are mapped to themselves.
2) Geometric Construction: Equivalently, the inverse point
P ′ can be constructed geometrically. For any point P , its
inverse P ′ is the unique point (other than P itself) through
which all circles that pass through P and are perpendicular to
the circle of inversion k must also pass. As depicted in Figure
3, the intersection of any two such distinct circles uniquely
determines the location of P ′, which lies on the line passing
through O and P .

O

P

C

P ′

k

Fig. 3: All circles through point P and perpendicular to k will
also pass through a point P ′. We mark this P ′ as the inverse
of P . The example circle shown is constructed to pass through
P and intersect the circle of inversion, k, at a right angle.

2) Properties of Inversion: Geometric inversion has a pow-
erful set of useful properties. The following properties are
adapted from [9] and [14]:

Lemma 1 (Composition of I2). The geometric inversion
I(O, r) is its own inverse. In other words, I swaps points
in the plane in pairs:

X
I↔ X1, Y

I↔ Y1, and Z
I↔ Z, (2)

where applying I twice will get us back to where we started.
Therefore, for any point P in the plane other than O, applying
the inversion twice returns the original point:

I(I(P )) = P

Proof: Let P ′ = I(P ). By Definition 1, P ′ is a point on
the ray

−−→
OP such that OP ·OP ′ = r2. Now, let P ′′ = I(P ′).

By the same definition, P ′′ must lie on the ray
−−→
OP ′ and satisfy

OP ′ · OP ′′ = r2, since P ′ is on the ray
−−→
OP , the ray

−−→
OP ′

is identical to
−−→
OP . Comparing the two conditions, we have

OP · OP ′ = OP ′ · OP ′′, which implies OP = OP ′′. As P
and P ′′ are on the same ray from O and at the same distance,
they are the same point. Thus, P ′′ = P .

Lemma 2 (A circle passing through O). Let k1 be a circle
such that the center of inversion O ∈ k1. The image of k1
under inversion is a line m that does not pass through O.

I(k1) = m, with O /∈ m

Proof: Let the image of the circle k1 be the set m,
so I(k1) = m. Applying the inversion again gives I(m) =
I(I(k1)). By the Composition of I2 property, I(I(k1)) = k1.
Therefore, the image of the set m is a circle k1 which passes
through the center O. From lemma 1, a set whose image is a
circle through the center must be a line not passing through
the center. Thus, m is a line with O /∈ m.

Lemma 3 (A circle not passing through O). Let k2 be a circle
such that the center of inversion O /∈ k2. The image of k2
under inversion is another circle k3 that also does not pass
through O.

I(k2) = k3, with O /∈ k3

Proof: Let the center of inversion O be the origin (0, 0)
and the circle of inversion have radius R. An arbitrary circle
k2 not passing through the origin can be described by the
general equation:

x2 + y2 − 2ax− 2by + C = 0, where C ̸= 0

The inversion mapping relates a point (x, y) on k2 to a point
(x′, y′) on its image, k3, by the transformation:

(x, y) =

(
x′R2

x′2 + y′2
,

y′R2

x′2 + y′2

)
A useful identity derived from this is x2 + y2 = R4

x′2+y′2 .
Substituting these into the equation for k2 gives:

R4

x′2 + y′2
− 2a

(
x′R2

x′2 + y′2

)
− 2b

(
y′R2

x′2 + y′2

)
+ C = 0

Multiplying by (x′2+ y′2) to clear the denominator yields the
equation for the image curve k3:

R4 − 2aR2x′ − 2bR2y′ + C(x′2 + y′2) = 0

Rearranging gives C(x′2+y′2)−2aR2x′−2bR2y′+R4 = 0.
Since the coefficients of x′2 and y′2 are equal and non-zero
(as C ̸= 0), this is the equation of a circle.

To test if O lies on k3, we substitute (x′, y′) = (0, 0) into
its equation, which results in R4 = 0. This is a contradiction
for any inversion with R > 0. Thus, O /∈ k3.

Lemma 4 (Preservation of Tangency). Let ka and kb be two
curves (lines or circles) that are tangent to each other at a point
P . Under inversion I(O, r), their images, I(ka) and I(kb), are
also tangent at the image point P ′ = I(P ), provided P ̸= O.
If the point of tangency P is the center of inversion O, the
images I(ka) and I(kb) are two parallel lines.
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Proof: The proof relies on the established property that
geometric inversion is a conformal map, meaning it preserves
the magnitude of the angle at which any two curves intersect
[14]. Let two curves, ka and kb, be tangent at a point P .
By definition, tangency is the specific case where the angle
of intersection between the curves is zero. Since inversion
preserves the angle of intersection, the images of the curves,
I(ka) and I(kb), must also intersect at a zero-degree angle.
Therefore, the image curves are tangent at the image point
P ′ = I(P ). In the special case where the point of tangency is
the center of inversion O, both curves must pass through O.
Their images are therefore two distinct lines. Since the original
curves intersect only at O, their image lines cannot intersect
(otherwise, the inverse of their intersection point would be a
second point of intersection on the original curves, which is a
contradiction). Thus, the image lines must be parallel.

D. Phase 3 - The Inversion-Based Solution Procedure

Following the selection of a triplet (Si, Sj , Sk), the next
phase of the algorithm simplifies the geometric configuration
to facilitate a sound solution to the problem. This is achieved
through a sequence of two transformations: a temporary radial
expansion followed by a geometric inversion.

a) Establishment of a Tangent Configuration: Let the
centers of the three non-intersecting and non-overlapping
nodes (Si, Sj , Sk) be denoted by ci, cj , and ck. Let the
pairwise Euclidean distances between these centers be cal-
culated as dij = distance(ci, cj), dik = distance(ci, ck), and
djk = distance(cj , ck). To identify the pair of nodes that will
first achieve tangency under a uniform radial expansion, the
minimum of these three distances is determined by:

dmin = min(dij , dik, djk)

For two circles with an identical radius rnew to be tangent,
the distance between their centers must be exactly 2rnew.
Therefore, the specific radius required to create this initial
tangency is found by solving dmin = 2rnew, which yields:

rnew =
dmin

2

This value, rnew, represents the uniform radius that would
need to be temporarily assigned to the three nodes to force
the closest pair into a tangent configuration as seen in case
2. Using the radius rnew, three new circles denoted S′

i, S
′
j ,

and S′
k, are defined. By the definition of rnew, at least two

of these circles are now mutually tangent at a single point.
Without loss of generality, let us assume that S′

i and S′
j are

the tangent pair. These circles share the same centers as the
original triplet but all possess the new, uniform radius rnew.

b) Inversion of the Tangent Configuration: The core of
the simplification process is a geometric inversion centered at
the newly created point of tangency. Let the point of tangency
between S′

i and S′
j be the center of inversion, Oinv and be

the center of a new circle, α. We perform an inversion with
respect to a circle, α, of arbitrary radius centered at Oinv .
We now perform inversion on (S′

i, S
′
j , S

′
k) with respect to the

newly created circle of inversion, α:

• By Lemma 2, since the circles S′
i and S′

j both pass
through the center of inversion Oinv , their images under
inversion, I(S′

i) and I(S′
j), are transformed into two

distinct lines, mi and mj . As the original circles were
tangent only at Oinv , their line images are parallel.

• By Lemma 3, the third circle, S′
k, which does not pass

through Oinv , is transformed into another circle, denoted
S′′
k .

Figure 4a depicts the geometric configuration before inver-
sion with our newly formed circle, α, as the circle of inversion.

1) Calculation of the Solution Circle in the Inverted Space:
The parameters for the solution circle S′′

4 with center C ′′
4 and

radius r′′4 are determined as follows:
a) Determining the Radius (r′′4 ): The radius of the solu-

tion circle, S′′
4 , is determined by the distance between the two

parallel lines, mi and mj . By definition, any circle tangent
to these two lines must have a radius equal to half the
perpendicular distance between them. Let this distance be d.
The radius of our solution circle is therefore fixed:

r′′4 =
d

2
(3)

b) Determining the Center (C ′′
4 ): To calculate the coor-

dinates of the center C ′′
4 , we can establish a temporary coor-

dinate system for simplicity. Let the line midway between the
parallel lines mi and mj be the x-axis. By this construction,
the center of our solution circle C ′′

4 must lie on this axis at
some coordinate (x4, 0), while the center of the known circle
C ′′

k is at a general position (xk, yk).
The final condition is the tangency between circles S′′

k and
S′′
4 . The distance between their centers must be equal to the

sum of their radii:

distance(C ′′
4 , C

′′
k ) = r′′4 + r′′k

Substituting the known values and coordinates into this equa-
tion gives: √

(x4 − xk)2 + (0− yk)2 =
d

2
+ r′′k

Solving this equation for x4 yields the two possible x-
coordinates for the center of the solution circle:

x4 = xk ±

√(
d

2
+ r′′k

)2

− y2k (4)

These two solutions represent the centers of two possible
solution circles where, for the purpose of hole restoration, the
inscribed solution is selected. With the center C ′′

4 = (x4, 0)
and radius r′′4 now fully determined, the final step is to apply
the inverse transformation I(S′′

4 ) to obtain the parameters of
the restorative circle, S′

4. This process yields the optimal center
point, (xo, yo), and radius of the one circle that will restore
the coverage hole defined by the three selected nodes.

2) Deployment of New Optimal Nodes: Now that we have
obtained our optimal center point (xo, yo), we deploy new
nodes at this center point using the standard uniform radius
Rs. This will maximize coverage and provide hole restoration.
Figure 5 provides a visualization of the optimal restorative
node placement derived from phase 3, showing the new node’s
center precisely located such that its sensing range is mutually
tangent to the three nodes defining the coverage hole.
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Fig. 4: The complete geometric inversion and solution process
shown in panels (a) and (b). Panel (a) shows the geometric
configuration with triplet (S′

i, S
′j, S′k) with a uniform radius

rnew, our circle of inversion, α, with center Oinv and an
arbitrary radius. Panel (a) shows our solution circle S′

4 after
our inversion process tangent to the three initial circles. Panel
(b) on the right shows the inversion in the plane geometric
configuration. Circles Si and Sj are transformed into two
parallel lines (mi, mj). Circle S′

k is transformed into S′′
k .

Inverting S′′
4 back to the original space results in circle S′

4.

Fig. 5: Using Matlab, the new optimal node location is
determined by the center of the solution circle that is mutually
tangent to the three sensor nodes. While this figure visualizes
the ideal tangent circle, the new node in phase 3 is deployed
at its center using the network’s uniform sensing radius Rs.

V. SIMULATION AND RESULTS

In this section, we report our simulation results of our novel
geometric inversion approach and compare their performance
with similar geometric approaches. In particular, our algorithm
(GIBHRA) will be compared to the Heal Coverage Holes
Algorithm (HCHA) [15]. This approach places the first healing

sensor at the in-center of a triangular hole, while subsequent
sensors are placed sequentially along the triangle’s angle
bisectors, with the aim of minimizing overlap. GIBHRA is
also compared with the Hole Patching Algorithm (HPA) [20],
which selects two adjacent boundary nodes, A and B, and
places a new node on the perpendicular bisector of the segment
AB. This new node is then positioned at a distance from
both A and B that is approximately equal to the network’s
communication range. Our algorithm is also compared with
the Neighbor node Location-based Coverage Hole Recovery
algorithm (NLCHR) [21] which places new nodes at the third
vertex of an isosceles triangle formed within two boundary
nodes. Our model is simulated using MATLAB. To evaluate
the performance of our proposed GIBHRA, we conducted
extensive simulations in MATLAB on a 1000m x 1000m
network area, comparing it against HCHA, HPA and NLCHR
across randomly deployed networks with initial densities rang-
ing from 200 to 600 nodes, with all results averaged over 20
independent trials. Each node has a radius, Rs of 50m.

Figure 6 illustrates the quality of each restorative action an
algorithm takes. It computes the total new area an algorithm
covers throughout its entire iterative healing process and
divides it by the total number of new nodes deployed to
achieve k-coverage. GIBHRA achieves an average restoration
area of approximately 2800 m2 per node, which is a significant
improvement over the next best algorithm, HPA, with an
average of approximately 1550 m2 of average restoration
per node deployed. Our algorithm consistently restores a
significantly larger area for each deployed node and is main-
tained across different network densities. Figure 7A evaluates
the placement quality via coverage efficiency by computing
how much new, previously uncovered hole area it covers.
Figure 7 measures the deployment cost of each algorithm by
measuring how many new sensor nodes the algorithm needed
to add to reach a coverage target of 98%. This allows us to
evaluate each algorithm’s resource efficiency, where a lower
bar signifies a lower cost to achieve the same goal. In Figure
7A, GIBHRA demonstrates efficient hole placement where it
consistently restores the most area per node across all tested
network densities. As the network approaches full coverage
(600 nodes), few holes remain, and the performance difference
between the algorithms diminishes. Figure 7B demonstrates
superior resource efficiency when using GIBHRA, as it only
needs 115 new nodes at 200 nodes and 45 new nodes at 400
nodes compared to the rest of the algorithms which need
more new nodes. Figure 8 evaluates the placement quality
via Coverage Efficiency, which measures the percentage of
a new node’s sensing area that productively covers a hole.
A higher value signifies a more intelligent placement with
less wasteful overlap. GIBHRA demonstrates a significant
advantage, achieving 99.2% efficiency in sparse networks,
while HPA only reaches 50.8%. This near-optimal result stems
from GIBHRA’s mathematically rigorous approach of finding
the largest inscribed circle that minimizes redundant coverage.
As the network density increases to 600 nodes, GIBHRA’s
efficiency of 27.4% remains approximately three times higher.
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Fig. 6: Comparison of the average newly covered area (m²)
per deployed node across varying initial network densities.

(a) (b)

Fig. 7: Comparison of algorithm deployment cost. Figure (a)
shows the average restored area per deployed node. Figure (b)
shows the number of nodes added to achieve 98% coverage
across different initial network densities.

Fig. 8: Comparison of coverage efficiency of newly deployed
nodes, measuring the percentage of each node’s sensing area
that covers uncovered holes across varying network densities

VI. CONCLUSION

This paper introduced GIBHRA, a novel algorithm that
tackles the critical problem of coverage hole restoration in
WSNs by applying geometric inversion to find a geomet-
rically optimal solution. Through extensive simulation, we
demonstrated that GIBHRA is decisively superior to standard
heuristics, achieving a near-perfect 99.2% coverage efficiency
while requiring up to 48% fewer restorative nodes than other
algorithms. These results validate that a mathematically rigor-
ous approach provides a more effective and resource-efficient
solution than simpler geometric heuristics and presents a sig-
nificant advancement in network coverage optimization. This
work demonstrates how inversion can be used to effectively

solve complex coverage optimization problems in WSNs and
how it has strong potential in the field of computational ge-
ometry. Future work can be extended to mobile sensor nodes,
heterogeneous sensor nodes, and networks with obstacles.
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