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Abstract—We consider a source that sends freshness-sensitive
status updates about an auto-regressive Markov process to a
monitor, in a time-slotted system. The source samples the random
process at the start of every slot and decides whether to transmit
the sample or not. The transmission of a sample incurs a fixed
cost. When a monitor receives a sample, its information about
the source is perfect. However, when no samples are received,
it estimates the realization of the process based on previously
received samples. We adopt a metric referred to as the age
of incorrect estimates (AoIE), defined as the product of an
estimation error, E, and, v, the time elapsed since the latest
time at which the monitor had a sufficiently correct estimate.
We formulate an optimization problem to decide when a source
must transmit a packet for minimizing the long-term average
expected weighted sum of the AoIE and the transmission cost.
We cast this problem as a Markov decision process and prove
that the optimal policy is a threshold-type policy, in which, for
a fixed v, there exists a threshold on E beyond which it is
optimal to transmit, and vice versa. Using numerical simulations,
we illustrate this threshold structure of the optimal policy. We
also consider a simple periodic policy in which the information
packets are transmitted periodically, after every fixed number of
slots, irrespective of the realizations of E and v, and numerically
show that its performance is significantly worse than that of the
optimal threshold-type policy.

I. INTRODUCTION

In many emerging Internet of Things (IoT) applications,
sensing and delivery of information in a timely manner is
extremely important [1]–[4]. A widely used metric for charac-
terizing the timeliness of information is the age of information
(AoI), defined as the time elapsed since the generation (at the
source) of the last successful update packet delivered (to the
monitor); a lower age implies a fresher information [5], [6].

A major shortcoming of this metric is that it does not account
for the information content of the packets. Due to this, the
instantaneous AoI linearly increases in the interval between
two consecutive packet receptions, even if the monitor has
a very accurate knowledge of the information content at
the source, for instance, by estimation. Intuitively, (i) if the
monitor has a good estimate of the realization of the random
process, its information may not be considered aged, even if
the monitor has not received an update packet recently, and
(ii) even if a packet is received recently, if the estimate of the

information content is inaccurate, it is sensible to consider it
as an aged packet.

Based on this intuition, in order to account for (i) and (ii), a
new metric, referred to as the age of incorrect information
(AoII), has been proposed in [1]. Specifically, the instan-
taneous AoII at time t is defined as, ∆AoII(t) , g(t) ×
h(X(t), X̂(t)), where g(t) is an age penalty (having units of
time) for having incorrect information at the monitor, and X̂(t)
is the estimate of X(t) and h(X(t), X̂(t)) is a quantification
of its incorrectness. Several other modifications to the original
AoI metric, such as age of synchronization [7] and age of
changed information [8], have also been suggested as relevant
metrics for characterizing the staleness of information in
various scenarios.

Recently, there has also been an increased interest in char-
acterizing staleness of remote estimates of various classes of
information sources. The paper [9] ( [10]) considered remote
estimation of a Wiener process (an Ornstein-Uhlenbeck pro-
cess, the continuous analogue of the first-order auto-regressive
process) and showed that if the sampler does not have any
knowledge of the signal being sampled, the optimal sampling
strategy that minimizes a linear (non-linear) function of the
original AoI metric is also optimal in minimizing the mean-
squared estimation error. Among the works which consider
the AoII metric, [1] and [2] consider information sources to
be finite-state discrete-time Markov chains.

In this work, we consider a source that samples a discrete-time
autoregressive Markov process in every slot. The source then
decides whether to transmit the sample or not, to the monitor
over a noiseless channel. In case no packet is delivered to the
monitor, the monitor estimates the realization of the random
process given the past received samples. At time t, let E(t) be
the squared estimation error at the monitor and vε(t) be the
time elapsed since E(t) was less than or equal to ε. Then, we
define the instantaneous age of incorrect estimates (AoIE) at
time t to be ∆ε(t) , vε(t)E(t). Note that this is an instance
of a more general AoII metric (proposed in [1]) mentioned
above, with g(t) = vε(t) and h(t) = E(t).1 This instance of
the AoII metric, i.e., the AoIE metric, penalises information

1Although this instance of the AoII metric is mentioned in [1], it is not
analyzed in [1].
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staleness scaled by a factor that accounts for estimation error.
We consider the problem of minimizing the sum of long-term
average AoIE and transmission cost and cast it as a Markov
decision process (MDP).

The current work is related to [1]–[3] in the sense that all the
works account for the information content in the AoI metric
and adopt the MDP framework for obtaining their results.
Specifically, current work and [1]–[3] adopt some form of the
general AoII metric proposed in [1] and show that the optimal
actions (the decision on whether to transmit an information
packet or not) exhibit threshold structures in state variables
of the MDPs considered. However, our work is significantly
different from [1]–[3] due to the differences in the model
adopted for the information process, the estimation strategy
and the definition of correctness of an estimate, as described
below.

• The current work considers a first order auto-regressive
process with a noise having zero mean and finite vari-
ance with unimodal symmetric distribution function, as
in [11], which forms a countably infinite-state Markov
chain. However, [1]–[3] consider finite-state Markov
chain sources, where the probabilities of remaining in the
current state and transitioning to different states do not
depend on the current state. Due to this, the information
process considered by the current paper is more general.

• For quantification and analysis of the difference in the
information content of the process, X(t) and its estimate
X̂(t), we adopt a squared error metric, E(t) = (X(t)−
X̂(t))2, along with a least squares estimation strategy.
Whereas, [1], [2] assume E(t) = 0 if X(t) = X̂(t) and
E(t) = 1 otherwise, and [3] considers E(t) = |X(t) −
X̂(t)| as the error metric. In [1]–[3], the latest successful
packet delivered is considered to be the estimate of the
process until receiving the next packet. Under a special
case when the parameter of the autoregressive process is
unity, our least squares estimation strategy specializes to
that adopted in [1]–[3].

• Moreover, we deem an estimate to be correct when
E(t) is sufficiently small, which is controlled using a
parameter, ε > 0. However, [1]–[3] deem an estimation
error to be correct, only when E(t) = 0.

Due to the above differences, obtaining the results in the paper
is challenging and do not follow from [1]–[3] even when
the communication channel is noiseless and reliable. Hence,
unlike in [1]–[3] where the channel is assumed to be noiseless
but unreliable, we consider that the channel is completely
reliable.

The main contribution of the paper is: we prove that the
optimal policy for minimizing the sum of long-term average
AoIE and transmission cost has a threshold structure in E
(the estimation error), for a fixed vε (the time elapsed since the
estimation error, E was less than ε) and vice versa. The result

is obtained by showing that the state-action value function is
submodular, which is the challenging part of the work. The
result has two important implications: First, the knowledge of
the threshold structure of the optimal policy can be exploited
to reduce computational complexity of the value iteration
algorithm that we use for obtaining the optimal policy and
computation of the thresholds. Second, real-time implementa-
tion of the transmitter controller is simple as we only need to
store the thresholds and compare the instantaneous states with
them for executing the optimal policy.

II. SYSTEM MODEL

We consider a source sending updates to a monitor in the
form of information packets. The system is time-slotted with
slot index denoted by t ∈ N. Let the discrete-time random
process being observed at the source be denoted by X(t) for
t ∈ {1, 2, . . .}.2 At time instant t, the source can either transmit
the information sample X(t)3 to the monitor, incurring a unit
cost, or stay idle. The corresponding received signal at the
monitor is given by Y (t) = X(t)I(t), where I(t) is defined
as

I(t) =

{
1 if the source sends an update in slot t,
0 otherwise. (1)

In other words, for the sake of simplicity, the channel between
the monitor and the source is assumed to be noiseless. In case
the source does not send an update, the monitor estimates the
current sample based on all the previously received samples
as follows:

X̂(t) =

{
Xt if I(t) = 1,
f
(
X{k<t:I(k)=1}

)
otherwise, (2)

where X{k<t:I(k)=1} is the set of all samples delivered before
the time instant t, and f is the estimation strategy used. A
detailed description of the estimation strategy is provided in
Sec. II-B. We define the instantaneous estimation error at the
monitor as

E(t) = (X(t)− X̂(t))2. (3)

Whenever E(t) ≤ ε, we say that the monitor has the correct
estimate of the data at the source at time t. Consequently, the
instantaneous age of incorrect estimates (AoIE) is defined as

∆ε(t) = vε(t)E(t), (4)

where vε(t) is the time elapsed since the latest time the
monitor had the correct estimate. Note that vε(t) = t− µε(t),
where µε(t) is the latest time at which the monitor had a
correct estimate of the packet, i.e.,

µε(t) = max{τ ≤ t : E(τ) ≤ ε}. (5)

In the next section, we present the problem formulation along
with the model for the evolution of X(t).

2The model for X(t) is described in Sec. II-B.
3In a more general case, the source may transmit some function of all

the previously observed samples. However, for the source we consider,
transmitting the current sample is sufficient.
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A. Problem Formulation

Our goal in this work is to obtain a stationary determinis-
tic4 policy π that minimizes the long-term average expected
weighted sum of AoIE and the cost of transmission, for a given
estimator, f . Here, the policy, π = {I(t)}t=0,1,... provides a
rule to decide whether the sensor should send information to
the monitor or not in a slot. Mathematically, we are interested
in solving the following stochastic optimization problem:

J(s) = min
π

lim
T→∞

1

T

(
T∑
t=1

Eπ [∆ε(t) + λI(t)]

)
, (6)

where λ > 0 is a fixed real number, that trades-off the
relative importance of the AoIE and transmission cost, and Eπ
denotes expectation with respect to the randomness in X(t)
and possible randomness in the policy π.

Remark 1. At any slot t, the source can compute the instan-
taneous estimation error. This is because it samples5 X(t) at
the start of slot t, and it can also estimate X̂(t) based on
the previous samples it has transmitted, using the estimator f .
Therefore, based on X(t) and X̂(t), the source can compute
µε(t), the latest time instant at which the monitor had the
correct estimate, using which it can obtain ∆ε(t). Hence,
the source can solve the optimization problem in (6). Since
the monitor does not know the true realization of X(t) when
I(t) = 0, it cannot compute ∆ε(t).

In order to solve (6), for concreteness, we consider an au-
toregressive information evolution model along with a least
squares estimation strategy, which we describe below.

B. Source Model and Estimation Strategy

We consider a simple auto-regressive process model for X(t),
which evolves as follows:

X(t) = aX(t− 1) +Wt, t = 0, 1, . . . , (7)

where a ∈ R is any fixed and known constant, and X(−1) :=
0. For simplicity of presentation, we assume that Wt ∈ W , t ∈
N are independent and identically distributed (i.i.d.) discrete
random variables, where Wt satisfies the following properties:

i. The distribution function, pWt
(·) is symmetric, i.e.,

pWt
(−x) = pWt

(x) for all x ∈ W .
ii. Wt is unimodal, which satisfies

P{x− ε ≤Wt ≤ x+ ε} ≤ P{y − ε ≤Wt ≤ y + ε},
(8)

4In a later section of the paper, we cast the problem being formulated as
an infinite horizon discounted cost MDP with countably infinite states and
binary actions. Using standard techniques, the MDP can be shown to have a
stationary deterministic policy as the optimal policy, as in [12, Lemma 6], [13,
Theorem 6.2.7]. However, for brevity and ease of presentation, we directly
consider the class of stationary randomized policies.

5We assume that sampling X(t) costs zero units of energy, as in [11].

for any x > y > 0 and ε > 0.

Many practical noise distributions, including the widely
adopted Gaussian noise, admit the above properties. It is also
important to note that all our results can be easily extended to
the case when Wt, t ∈ N are i.i.d. continuous random variables
with the above properties.

Next, we describe the estimation strategy adopted in this work.
At time t, suppose that the latest sample received by the
monitor is Xt−L, received at time slot t−L, for some positive
integer L. Using the fact that X(t) evolves as (7), we can write
the following:

X(t) = aLX(t− L) +

L∑
i=0

aiWt−i. (9)

Based on this, at time t, the least squares estimate of X(t) at
the monitor given the sample X(t− L), is given by

X̂(t) = aLX(t− L).

In summary, under the considered auto-regressive source
model and the least squares6 estimation strategy, (2) can be
specialized to

X̂(t) :=

{
X(t) if I(t) = 1,
aLX(t− L) otherwise, (10)

where t−L is the time instant of the latest successful packet
delivery. It is important to note the distinction between L and
vε; L is the time elapsed since the latest successful packet
delivery, whereas vε is the time elapsed since the latest time
the monitor had a “correct” estimate.

In the following section, considering the above model and the
estimation procedure, we prove that a threshold-type policy is
optimal for (6).

III. MARKOV DECISION PROCESS (MDP)-BASED
SOLUTION

In order to prove the main result of this paper, in the following
subsection, we show that the problem in (6) is an instance of
an MDP.

A. Formulation

Towards casting (6) as an MDP, in the following, we identify
the state space, action space and the associated cost.

1) State Space: At time t, the state of the system is st :=
(E(t), vε(t)), where vε(t) = t − µε(t). Since we have
considered that the noise process, Wt, is discrete, E(t)
takes values from a countable subset of non-negative real

6One could investigate other estimation strategies at the expense of nota-
tional complexity.
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values, R+ and vε(t) ∈ Z+. Hence, the state space of
the system is a countable (infinite) subset of R+ × Z+.

2) Action Space: The action space is denoted by A :=
{0, 1}, and the corresponding decision variable at time
slot t is I(t).

3) Instantaneous Cost: The instantaneous cost (possibly
random due to the randomness in the process and the
transmission decisions) in slot t is Cε,t := ∆ε(t)+λI(t).

Given the above setup, it is clear that the state transition
probabilities and cost values depend only on the current state
St = s, and not on the entire history of states and actions
taken. In principle, the state transition probabilities can be
computed using (3), (4), (5) and (7). Therefore, the problem
in (6) can be written as an MDP. In what follows, instead of
considering (6) as an average cost problem, we will consider
minimizing the infinite horizon discounted cost MDP with a
discount factor of 0 < γ < 1. This is because, it can be shown
that the discounted cost MDP converges to the average cost
MDP, and it is easier to derive the structure of the optimal
policy to (6) using the discounted cost MDP [12].

Given an initial state s = (E, v), the optimal total expected
γ-discounted cost corresponding to (6) is given by

Jγ(s) = min
π

lim
T→∞

(
T∑
t=1

γtEπ [∆ε(t) + λI(t)| s]

)
. (11)

We can now write down the following discounted cost opti-
mality equation:

Jγ(s) = min
I∈{0,1}

(E[∆ε + λI|s, I] + γE[Jγ(s′)|s, I]) , (12)

and define the following value iteration:

Jγ,t+1(s) = min
I∈{0,1}

(E[∆ε + λI|s, I] + γE[Jγ,t(s
′)|s, I]) .

(13)

It can be shown that Jγ,t+1(s)→ Jγ(s) as t→∞ for every
s and γ [12]. Moreover, the discounted expected cost in (6),
Jγ(s) converges to the average expected cost, J(s), as γ → 1.
Concretely, limγ→1(1− γ)Jγ(s)→ J(s) for any state s.

This result can be proved by verifying a set of technical
conditions along the lines in [14]. Hence, we consider the
discounted expected cost criterion in the rest of the work.
We also drop the subscript ε from ∆ε and vε for notational
convenience.

B. Threshold Structure of the Optimal Policy

In this subsection, we show that the optimal policy that solves
(6) has a threshold structure, by considering the discounted
cost criteria in (11). The value function, Jγ(E, v) for s =
(E, v) in (12) can be expressed as

Jγ(E, v) = min
I
Qγ(E, v, I), (14)

where the state-action value function (Q-function),
Qγ(E, v, I), is defined as

Qγ(E, v, I) :=

E [∆′ + λI|E, v, I] + γEE′,v′ [Jγ(E′, v′)|E, v, I] . (15)

In the above, the parameter 0 < γ < 1 is the discount factor
and I ∈ {0, 1}. The optimal policy for solving (12) in state
(E, v) is given by

I∗(E, v) = argmin
I∈{0,1}

Qγ(E, v, I). (16)

In the following, for a fixed v, we prove that the optimal
I∗(E, v) solving (12) has a threshold structure in E, where
I∗(E, v) = 1 beyond a certain threshold on E. For proving
this, it is sufficient to prove that I∗(E + e, v) ≥ I∗(E, v)
where e ∈ R+, i.e., I∗(·) is monotonic. This follows from
the submodularity7 of Qγ(E, v, I) in I and E [15], which
we prove in the following. Subsequently, a similar threshold
structure of I∗(E, v) on v for a fixed E is also proven.

1) Threshold Structure of I in E for a Fixed v: The following
result proves the submodularity of the Q-function in E and I ,
and the threshold structure of the optimal policy, I , in E, for
a fixed value of v.

Theorem 1. For a fixed v, the Q-function, Qγ(E, v, I) is
submodular, i.e.,

Qγ(E + e, v, 1)−Qγ(E + e, v, 0) ≤
Qγ(E, v, 1)−Qγ(E, v, 0), (17)

and I has a threshold structure in E for a fixed v.

Proof. We begin by proving that if no transmission occurs,
the expected instantaneous cost incurred starting at a state
with higher estimation error is not less than that when started
at a state with lower estimation error. This is shown in the
following lemma, which is proved in Appendix A:

Lemma 2. For any v, E and e > 0, E∆′ [∆′|E + e, v, 0] ≥
E∆′′ [∆′′|E, v, 0].

Similarly, we have the following lemma, which is proved in
Appendix B, which says that the expected infinite horizon cost
starting at a state with a higher estimation error is not less than
that when we start at a state with a lower estimation error,
when no transmission occurs.

Lemma 3. For a fixed v, the following inequality on the
average value function holds E [Jγ(E′, v′)|E + e, v, 0] ≥
E [Jγ(E′′, v′′)|E, v, 0].

7Suppose a function g(·, ·) is such that g(x, u+1)−g(x, u) is decreasing
in x, g(·, ·) is a submodular function [15].

2021 19th International Symposium on Modeling and Optimization in Mobile, Ad hoc, and Wireless Networks (WiOpt)

               ISBN 978-3-903176-37-9 © 2021 IFIP



Using Lemma 2 and Lemma 3, we prove Theorem 1 as
follows. Consider

Qγ(E + e, v, 1)−Qγ(E + e, v, 0)

=
(
0 + λ+ γJγ(0)

)
− (E∆′ [∆′ + 0|E + e, v, 0]

+γE [Jγ(E′, v′)|E + e, v, 0])

(a)

≤
(
0 + λ+ γJγ(0)

)
− (E∆′′ [∆′′ + 0|E, v, 0]

+γE [Jγ(E′′, v′′)|E, v, 0])

= Qγ(E, v, 1)−Qγ(E, v, 0), (18)

where (a) follows from Lemma 2 and Lemma 3. Hence, (17)
holds, and from Theorem 3.1.1 in [15], it follows that I is
monotonic in E. Hence, I has a threshold structure in E for
a fixed v.

Similar to Theorem 1, we next show that I has a threshold
structure in v for a fixed E.

2) Threshold Structure of I in v for a Fixed E: We consider
E to be fixed. We have the following result:

Theorem 4. The following holds:

Qγ(E, v + 1, 1)−Qγ(E, v + 1, 0)

≤ Qγ(E, v, 1)−Qγ(E, v, 0). (19)

and I has a threshold structure in v for a fixed E.

Proof. For proving the theorem, we need the following results:

Lemma 5. E∆′ [∆′ + 0|E, v + 1, 0] = E∆′′ [∆′′ + 0|E, v, 0].

Lemma 6. For a fixed E, the value function
E [Jγ(E′, v′)|E, v + 1, 0] ≥ E [Jγ(E′′, v′′)|E, v, 0].

Lemma 5 and Lemma 6, respectively, show that if no trans-
mission occurs, the expected instantaneous and infinite horizon
costs incurred starting at a state with a higher v are not less
than those when started at a state with a lower v. Lemma 5
is proved in Appendix C and Lemma 6 can be proved along
the lines in that of Lemma 3.

Now consider

Qγ(E, v + 1, 1)−Qγ(E, v + 1, 0)

=
(
0 + λ+ γJγ(0)

)
−

(E∆′ [∆′ + 0|E, v + 1, 0] + γE [Jγ(E′, v′)|E, v + 1, 0])

(a)

≤
(
0 + λ+ γJγ(0)

)
−

(E∆′′ [∆′′ + 0|E, v, 0] + γE [Jγ(E′′, v′′)|E, v, 0])

= Qγ(E, v, 1)−Qγ(E, v, 0), (20)

where (a) follows from Lemma 5 and Lemma 6. Based on the
above discussion, as in the proof of Theorem 1, we conclude
that I has a threshold structure in v for a fixed E.

Fig. 1: Optimal actions for different states, (E, v), where E is the squared estimation
error and v is the time elapsed since the last correct estimate. We observe that the
optimal actions have a threshold structure in the states. That is, for a fixed E, there
exists a threshold on v beyond which it is optimal to transmit and vice versa. We let
a = 1, γ = 0.9999, λ = 100 and ε = 0. W is uniformly distributed over {−1, 1}.
In the figure, the markers are shown only for realizable E and v values, which are
unevenly spaced for the chosen parameters.

Based on Theorem 1 and Theorem 4, we conclude that for a
fixed v, there exists a threshold, Eth

v , on E, which depends
on v, beyond which it is optimal to transmit. Similarly, for a
fixed E, there exists a threshold, vth

E , on v, which depends
on E, beyond which it is optimal to transmit. Then, the
optimal policy, which we refer to as the threshold policy, is
the following: For any realization of E and v in any slot, if
E ≥ Eth

v or v ≥ vth
E , it is optimal to sample the information

source and transmit. The result has the following important
implications:

• First, the knowledge of threshold structure can be ex-
ploited to reduce computational complexity in obtaining
the optimal policy and computation of the thresholds, Eth

v

and vth
E , as elaborated below. We adopt the value iteration

presented in (13) for obtaining the optimal policy and
computation of the thresholds. In (13), for each iteration,
t, one needs to compute the realization of the objective
function for each state s = (E, v) and then find the
optimal I that minimizes the objective function for the
state. The knowledge of the threshold structure of the
optimal policy can be exploited to reduce the number of
computations in the value iteration algorithm. Concretely,
for some state s = (E, v), let I = 1 be optimal. Then,
due to the threshold structure, one can say that I = 1 is
optimal for any state (E, v′) and (E′, v), where v′ > v
and E′ > E without computing the objective functions
for these states and optimizing them. When the value
iteration in (13) converges (i.e., as t → ∞), the optimal
thresholds can be obtained from the optimal actions for
each state. Concretely, the optimal threshold on E for a
fixed v, Eth

v = min{E : I∗(E, v) = 1}, where I∗(E, v)
is the optimal action in the state (E, v) presented in
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(16). Similarly, the optimal threshold on v for a fixed
E, vth

E = min{v : I∗(E, v) = 1}.
• Second, due to the threshold structure of the optimal

solution, real-time implementation of the transmitter con-
troller is simple as we only need to store the thresholds
and compare the instantaneous states with them for exe-
cuting the optimal policy. In absence of any knowledge
of such structural properties, one would need to store the
optimal actions for all the states, leading to higher storage
capacity requirements.

IV. SIMULATION RESULTS

In this section, we provide simulation results. The parameters
adopted for obtaining the figures are mentioned in respective
captions.

Recall from Section III-B that the optimal policy that solves
(6) has the threshold structure in E for a given v and vice
versa, where E is the estimation error and v is the time elapsed
since the latest time the monitor had a correct estimate. We
illustrate this threshold structure of the optimal policy in Fig. 1.
From the figure, note that when E = 49, it is optimal to
transmit whenever v ≥ 3. Similarly, when v = 2, it is optimal
to transmit for any E ≥ 81. This indicates that vth

49 = 3 and
Eth

2 = 81. The thresholds vth
E and Eth

v for other values of E
and v, respectively, can be similarly computed.

In Fig. 2, we plot the average expected AoIE, ∆, against the
average expected transmission cost (the first and second terms
in (6), respectively). We benchmark the optimal threshold
policy, which we obtain from value iteration in (13), with
a naive periodic policy in which transmissions occur after
every K slots, where K is chosen such that the threshold and
periodic policies incur same average expected transmission
cost, irrespective of the values of E and v. As can be seen from
Fig. 2, as expected, the threshold policy has better performance
than the periodic policy. Furthermore, as ε which represents
the error beyond which the estimate is considered incorrect,
is increased, the average expected AoIE increases. This is
because, as ε increases, the tolerance for E and v increases,
therefore average expected AoIE is higher for a particular
average expected transmission cost.

V. CONCLUSIONS

In this work, we considered a source that samples an auto-
regressive Markov process and transmits it to a monitor, by
incurring a fixed cost. The monitor gains information about the
source either by a received sample (when a sample is received)
or by estimating the realization of the random process based
on the previously received samples (when no samples are
received). In this setup, we noted an inadequacy of the classical
age of information (AoI) metric, which is, it increases even
when the monitor gains an accurate information about the

0 1 2 3 4 5 6 7 8 9 10 11 12
0

50

100

150

200

250

Average Expected Transmission Cost, 1
T

∑T
t=1 Eπ[λI(t)]

A
ve

ra
ge

E
xp

ec
te

d
A

oI
E

,
1 T

∑ T t=
1
E π

[∆
ε
(t

)]

Threshold Policy (ε = 0)
Periodic Policy (ε = 0)
Threshold Policy (ε = 4)
Periodic Policy (ε = 4)

Fig. 2: Variation of the average expected AoIE with the average expected communication
cost. The i.i.d. noise, Wt is uniformly distributed over {−1, 1}, a = 1 and the discount
factor, γ = 0.99. The periodic policy transmits periodically after a certain fixed number
of slots, K, irrespective of the values of E and v. The value of K is chosen such
that the optimal threshold policy and the periodic policy incur same average expected
transmission cost.

source by estimation. This is because the AoI metric does
not account for information content of the received packets.
In order to account for this, we adopted a metric referred to as
the Age of Incorrect Estimates (AoIE), which is the product
of the estimation error, E, and the time elapsed since the
latest time the monitor had a sufficiently correct estimate, v.
We formulated an optimization problem for deciding when
a source must transmit a sample for minimizing the long-
term average expected weighted sum of the AoIE and the
transmission cost. We proved that the optimal policy for
solving the above problem has a threshold structure in E for
a fixed v and vice versa.

APPENDIX

A. Proof of Lemma 2

In order to prove E∆′ [∆′|E + e, v, 0] ≥ E∆′′ [∆′′|E, v, 0], we
need to compute each of these expected values. Towards this,
at time slot t, let us assume that the previous transmission has
happened L time slots ago, i.e., at time slot t−L. An estimate
of X(t+ 1) denoted X̂(t+ 1) is obtained as follows

X̂(t+ 1) = aL+1X(t− L). (21)

When the current state is (E, v), the square estimation error
is given by E = (aLX(t − L) −X(t))2. Using this and (7),
the next state E

′′
can be written as

E′′ =
(
X̂(t+ 1)−X(t+ 1)

)2

=
(
aL+1X(t− L)− (aX(t) +Wt+1)

)2
= a2

(
±
√
E − Wt+1

a

)2

. (22)
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For a given E, define

p+
E = P[E = +

√
E|E2 = E], (23)

and

p−E = P[E = −
√
E|E2 = E], (24)

where E , aLX(t − L) − X(t). Conditioned on the event

E = +
√
E, the event E′′ ≥ ε, i.e., a2

(√
E − Wt+1

a

)2

≥ ε

can be equivalently written as

a
√
E − ε ≥Wt+1 or a

√
E + ε ≤Wt+1 (25)

Using the above, and the fact that E is independent of Wt+1,
we have

P(E′′ ≥ ε|E = +
√
E, v, 0) =

P[Wt+1 ≤ a
√
E − ε] + P[Wt+1 ≥ a

√
E + ε]

= 1− P[a
√
E − ε ≤Wt+1 ≤ a

√
E + ε]. (26)

Similarly,

P(E′′ ≥ ε|E = −
√
E, v, 0) =

P[Wt+1 ≤ −a
√
E − ε] + P[Wt+1 ≥ −a

√
E + ε]

= 1− P[−a
√
E − ε ≤Wt+1 ≤ −a

√
E + ε] (27)

Using this and the total probability law, we get

P(E′′ ≥ ε|E, v, 0) = P(E′′ ≥ ε|E = +
√
E, v, 0)p+

E

+ P(E′′ ≥ ε|E = −
√
E, v, 0)p−E

= (1− P[a
√
E − ε ≤Wt+1 ≤ a

√
E + ε])p+

E

+ (1− P[−a
√
E − ε ≤Wt+1 ≤ −a

√
E + ε])p−E

(a)
= 1− P[a

√
E − ε ≤Wt+1 ≤ a

√
E + ε], (28)

where (a) follows from P[a
√
E − ε ≤ Wt+1 ≤ a

√
E + ε] =

P[−a
√
E − ε ≤ Wt+1 ≤ −a

√
E + ε] for a zero mean

symmetric Wt+1 and p+
E = 1− p−E .

Recall that µε(t) is the time at which the last estimate was
correct. The expected value of ∆′′ = Ev, conditioned on the
state, (E, v), and the action, I = 0, is given by

E[∆′′|E, v, 0] = (t+ 1− µε(t))E[E′′|E, v, 0]

= (v + 1)E[E′′|E, v, 0, E′′ ≥ ε]P(E′′ ≥ ε|E, v, 0)

+ 0× E[E′′|E, v, 0, E < ε]P(E′′ ≤ ε|E, v, 0),

= (v + 1)E[E′′|E, v, 0, E′′ ≥ ε]P(E′′ ≥ ε|E, v, 0),

(a)
= (v + 1)

∫∞
0

P(E′′ > t|E, v, 0)dt

P(E′′ ≥ ε|E, v, 0)
P(E′′ ≥ ε|E, v, 0),

= (v + 1)

∫ ∞
0

P(E′′ > t|E, v, 0)dt, (29)

where (a) follows from

E[E′′|E, v, 0, E′′ ≥ ε] =

∫ ∞
0

P(E′′ > t|E, v, 0, E′′ ≥ ε)dt

=

∫∞
0

P(E′′ > t|E, v, 0)dt

P(E′′ ≥ ε|E, v, 0)
.

Similarly, when the current state is (E + e, v), the next state

E′ = a2

(
±
√
E + e− Wt+1

a

)2

, (30)

and the expected value of ∆′ = E′v, conditioned on the state,
(E + e, v), and the action, I = 0, is given by

E[∆′|E + e, v, 0] = (v + 1)

∫ ∞
0

P(E′ > t|E + e, v, 0)dt,

(31)

Similarly from (28), we can infer that

P(E′ ≥ ε|E + e, v, 0) = P(E′ ≥ ε|E = +
√
E + e, v, 0)p+

E+e

+ P(E′ ≥ ε|E = −
√
E + e, v, 0)p−E+e

=(1− P[a
√
E + e− ε ≤Wt+1 ≤ a

√
E + e+ ε])p+

E+e

+(1− P[−a
√
E + e− ε ≤Wt+1 ≤ −a

√
E + e+ ε])p−E+e

(a)
= 1− P[a

√
E + e− ε ≤Wt+1 ≤ a

√
E + e+ ε], (32)

where (a) is because P[a
√
E + e − ε ≤ Wt+1 ≤ a

√
E + e +

ε] = P[−a
√
E + e− ε ≤ Wt+1 ≤ −a

√
E + e+ ε] for a zero

mean symmetric Wt+1 and p+
E+e = 1− p−E+e.

Furthermore, from (8), it follows that P[a
√
E + e − ε ≤

Wt+1 ≤ a
√
E + e + ε] ≤ P[a

√
E − ε ≤ Wt+1 ≤ a

√
E + ε].

Now, from (28) and (32), we obtain,

P(E′ > t|E + e, v, 0) ≥ P(E′′ > t|E, v, 0) (33)

Since v has been fixed in (29) and (31), we have, E[∆′|E +
e, v, 0] ≥ E[∆′′|E, v, 0].

B. Proof of Lemma 3

We prove the lemma using induction. First, note that
Jγ,0(E, v) = Ev is a monotonically non-decreasing function
in E for a fixed v. Now, suppose that Jγ,t(E, v) is non-
decreasing in E for a fixed v. From (33), we can obtain,
P(E′ > x, v + 1|E + e, v, 0) > P(E′′ > x, v + 1|E, v, 0),
which implies,

P(E′ ≤ x, v + 1|E + e, v, 0) ≤ P(E′′ ≤ x, v + 1|E, v, 0).

Moreover, P(E′ ≤ x, 1|E + e, v, 1) ≤ P(E′′ ≤ x, 1|E, v, 1).
Hence, we have

P(E′ ≤ x, v′|E + e, v, I) ≤ P(E′ ≤ x, v′|E, v, I). (34)

In words, (34) means that the conditional distribution of the
next state given that the current state is E + e, first order
stochastically dominates that when the current state is E.
This implies that if Jγ,t(E, v) is monotonically non-decreasing
function in E for a fixed v, then E[Jγ,t(E

′, v′)|E + e, v, I] ≥
E[Jγ,t(E

′, v′)|E, v, I] [15].

Now since the immediate reward and E[Jγ,t(E
′, v′)|E, v, I]

are non-decreasing functions of E for fixed v, and since the
minimum operator preserves the non-decreasing behavior of
functions, Jγ,t+1(E, v) is non-decreasing in E for a fixed v.
Hence, the proof by induction.
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C. Proof of Lemma 5

We first consider

E∆′ [∆′ + 0|E, v + 1, 0] =E [(v + 2)E′ + 0|E, v + 1, 0]

=(v + 2)E[E′|E, v + 1, 0]

and

E∆′′ [∆′′ + 0|E, v, 0] =E [(v + 1)E′′ + 0|E, v, 0]

=(v + 1)E[E′′|E, v, 0].

From (22), we have, E[E′|E, v + 1, 0] = E[E′′|E, v, 0],
as E′ and E′′ do not depend on v. Hence,
E∆′ [∆′ + 0|E, v + 1, 0] = E∆′′ [∆′′ + 0|E, v, 0].
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