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Abstract— Recently, a connection between the age of information and remote estimation error was found in a sampling
problem of Wiener processes: If the sampler has no knowledge
of the signal being sampled, the optimal sampling strategy is to
minimize the age of information; however, by exploiting causal
knowledge of the signal values, it is possible to achieve a smaller
estimation error. In this paper, we generalize the previous study
by investigating a problem of sampling a stationary GaussMarkov process named the Ornstein-Uhlenbeck (OU) process,
where we aim to find useful insights for solving the problems of
sampling more general signals. The optimal sampling problem is
formulated as a constrained continuous-time Markov decision
process (MDP) with an uncountable state space. We provide
an exact solution to this MDP: The optimal sampling policy
is a threshold policy on instantaneous estimation error and the
threshold is found. Further, if the sampler has no knowledge of
the OU process, the optimal sampling problem reduces to an
MDP for minimizing a nonlinear age of information metric and
the age-optimal sampling policy is a threshold policy on expected
estimation error and the threshold is found. In both problems, the
optimal sampling policies can be computed by bisection search,
and the curse of dimensionality is circumvented. These results
hold for (i) general service time distributions of the queueing
server and (ii) sampling problems both with and without a
sampling rate constraint. Numerical results are provided to
compare different sampling policies.

I. I NTRODUCTION
Timely updates of the system state are of significant importance for state estimation and decision making in networked
control and cyber-physical systems, such as UAV navigation,
robotics control, mobility tracking, and environment monitoring systems. To evaluate the freshness of state updates, the
concept of Age of Information, or simply age, was introduced
to measure the timeliness of state samples received from a
remote transmitter [1]–[3]. Let Ut be the generation time
of the freshest received state sample at time t. The age of
information, as a function of t, is defined as ∆t = t−Ut , which
is the time difference between the freshest samples available
at the transmitter and receiver.
Recently, the age of information concept has received
significant attention, because of the extensive applications of
state updates among systems connected over communication
networks. The states of many systems, such as UAV mobility
trajectory and sensor measurements, are in the form of a signal
Xt , that may change slowly at some time and vary more
dynamically later. Hence, the time difference described by
the age ∆t = t − Ut only partially characterize the variation
Xt − XUt of the system state, and the state update policy
that minimizes the age of information does not minimize the
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state estimation error. This result was first shown in [4], [5],
where a sampling problem of Wiener processes was solved and
the optimal sampling policy was shown to have an intuitive
structure. As the results therein hold only for non-stationary
signals that can be modeled as a Wiener process, one would
wonder how to, and whether it is possible to, extend [4], [5]
for handling more general signal models.
In this paper, we generalize [4], [5] by exploring a problem
of sampling an Ornstein-Uhlenbeck (OU) process Xt . From
the obtained results, we hope to find useful structural properties of the optimal sampler design that can be potentially
applied to more general signal models. The OU process Xt
is the continuous-time analogue of the well-known first-order
autoregressive process, i.e., AR(1) process. The OU process is
defined as the solution to the stochastic differential equation
(SDE) [6], [7]
dXt = θ(µ − Xt )dt + σdWt ,

(1)

where µ, θ > 0, and σ > 0 are parameters and Wt represents a
Wiener process. It is the only nontrivial continuous-time process that is stationary, Gaussian, and Markovian [7]. Examples
of first-order systems that can be described as the OU process
include interest rates, currency exchange rates, and commodity
prices (with modifications) [8], control systems such as node
mobility in mobile ad-hoc networks, robotic swarms, and UAV
systems [9], [10], and physical processes such as the transfer
of liquids or gases in and out of a tank [11].
As shown in Fig. 1, samples of an OU process are forwarded
to a remote estimator through a channel in a first-come, firstserved fashion. The samples experience i.i.d. random transmission times over the channel, which is caused by random
sample size, channel fading, interference, congestions, and etc.
For examples, UAVs flying close to WiFi access points may
suffer from long communication delay and instability issues,
because they receive strong interference from the WiFi access
points [12]. We assume that at each time only one sample
can be served by the channel. The samples that are waiting
to be sent are stored in a queue at the transmitter. Hence,
the channel is modeled as a FIFO queue with i.i.d. service
times. The service time distributions considered in this paper
are quite general: they are only required to have a finite mean.
This queueing model is helpful to analyze the robustness of
remote estimation systems with occasionally long transmission
times.
The estimator utilizes causally received samples to construct
an estimate X̂t of the real-time signal value Xt . The quality
of remote estimation is measured by the time-average mean-
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Fig. 1: System model.
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Our goal is to find the optimal causal sampling policy that
minimizes mse by choosing the sampling times subject to a
maximum sampling rate constraint. In practice, the cost (e.g.,
energy, CPU cycle, storage) for state updates increases with
the average sampling rate. Hence, we are striking to find the
optimum tradeoff between estimation error and update cost. In
addition, the unconstrained problem will also be solved. The
contributions of this paper are summarized as follows:
• The optimal sampling problem for minimize the mse
under a sampling rate constraint is formulated as a
constrained continuous-time Markov decision process
(MDP) with an uncountable state space. Because of the
curse of dimensionality, such problems are often lack
of low-complexity solutions that are arbitrarily accurate.
However, we were able to solve this MDP exactly: The
optimal sampling policy is proven to be a threshold policy
on instantaneous estimation error, where the threshold is
a non-linear function v(β) of a parameter β. The value of
β is equal to the summation of the optimal objective value
of the MDP and the optimal Lagrangian dual variable
associated to the sampling rate constraint. If there is no
sampling rate constraint, the Lagrangian dual variable is
zero and hence β is exactly the optimal objective value.
Among the technical tools developed to prove this result
is a free boundary method [13], [14] for finding the
optimal stopping time of the OU process.
• The optimal sampler design of Wiener process in [4],
[5] is a limiting case of the above result. By comparing
the optimal sampling policies of OU process and Wiener
process, we find that the threshold function v(β) changes
according to the signal model, where the parameter β is
determined in the same way for both signal models.
• Further, we consider a class of signal-ignorant sampling
policies, where the sampling times are determined without using knowledge of the observed OU process. The
optimal signal-ignorant sampling problem is equivalent to
an MDP for minimizing the time-average of a nonlinear
age function p(∆t ), which has been solved recently in
[15]. The age-optimal sampling policy is a threshold
policy on expected estimation error, where the threshold
function is simply v(β) = β and the parameter β is
determined in the same way as above.
• The above results hold for (i) general service time distributions with a finite mean and (ii) sampling problems
both with and without a sampling rate constraint. Numerical results suggest that the optimal sampling policy

The results in this paper are tightly related to recent studies
on the age of information ∆t , e.g., [1], [15]–[32], which does
not have a signal model. The average age and average peak age
have been analyzed for various queueing systems in, e.g., [1],
[19], [21], [22]. The optimality of the Last-Come, First-Served
(LCFS) policy, or more generally the Last-Generated, FirstServed (LGFS) policy, was established for various queueing
system models in [25]–[29]. Optimal sampling policies for
minimizing non-linear age functions were developed in [15]–
[17], [20]. Age-optimal transmission scheduling of wireless
networks were investigated in, e.g., [23], [24], [30]–[34].
On the other hand, this paper is also a contribution to the
area of remote estimation, e.g., [11], [35]–[40], by adding
a queue between the sampler and estimator. In [36], [38],
optimal sampling of Wiener processes was studied, where the
transmission time from the sampler to the estimator is zero.
Optimal sampling of OU processes was also considered in
[36], which is solved by discretizing time and using dynamic
programming to solve the discrete-time optimal stopping
problems. However, our optimal sampler of OU processes is
obtained analytically. Remote estimation over several different
channel models was recently studied in, e.g., [39], [40]. In
[11], [35]–[40], the optimal sampling policies were proven
to be threshold policies. Because of the queueing model,
our optimal sampling policy has a different structure from
those in [11], [35]–[40]. Specifically, in our optimal sampling
policy, sampling is suspended when the server is busy and
is reactivated once the server becomes idle. The optimal
sampling policy for Wiener processes in [4], [5] is a limiting
case of ours.
II. M ODEL AND F ORMULATION
A. System Model
We consider the remote estimation system illustrated in
Fig. 1, where an observer takes samples from an OU process
Xt and forwards the samples to an estimator through a
communication channel. The channel is modeled as a singleserver FIFO queue with i.i.d. service times. The system starts
to operate at time t = 0. The i-th sample is generated at
time Si and is delivered to the estimator at time Di with a
service time Yi , which satisfy Si ≤ Si+1 , Si + Yi ≤ Di ,
Di + Yi+1 ≤ Di+1 , and 0 < E[Yi ] < ∞ for all i. Each
sample packet (Si , XSi ) contains the sampling time Si and
the sample value XSi . Let Ut = max{Si : Di ≤ t} be the
sampling time of the latest received sample at time t. The age
of information, or simply age, at time t is defined as [1]
∆t = t − Ut = t − max{Si : Di ≤ t},

(3)

From this, we can obtain that Si is finite almost surely for all
i. We assume that the OU process {Xt , t ≥ 0} and the service
times {Yi , i = 1, 2, . . . } are mutually independent, and do not
change according to the sampling policy.
A sampling policy π ∈ Π is said to be signal-ignorant
(signal-aware), if π is (not necessarily) independent of
{Xt , t ≥ 0}. Let Πsignal-ignorant ⊂ Π denote the set of signalignorant sampling policies, defined as
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Πsignal-ignorant = {π ∈ Π : π is independent of {Xt , t ≥ 0}}.(7)

Fig. 2: Evolution of the age ∆t over time.

C. MMSE Estimator
which is shown in Fig. 2. Because Di ≤ Di+1 , ∆t can be
also expressed as
∆t = t − Si , if t ∈ [Di , Di+1 ), i = 0, 1, 2, . . .

(4)

The initial state of the system is assumed to satisfy S0 = 0,
D0 = Y0 , X0 and ∆0 are finite constants. The parameters µ,
θ, and σ in (1) are known at both the sampler and estimator.
Let It ∈ {0, 1} represent the idle/busy state of the server
at time t. We assume that whenever a sample is delivered,
an acknowledgement is sent back to the sampler with zero
delay. By this, the idle/busy state It of the server is known at
the sampler. Therefore, the information that is available at the
sampler at time t can be expressed as {Xs , Is : 0 ≤ s ≤ t}.
B. Sampling Policies
In causal sampling policies, each sampling time Si is chosen
by using the up-to-date information available at the sampler.
To characterize this statement precisely, let us define the σfields
Nt = σ(Xs , Is : 0 ≤ s ≤ t), Nt+ = ∩s>t Ns .

(5)

Hence, {Nt+ , t ≥ 0} is a filtration (i.e., a non-decreasing
and right-continuous family of σ-fields) of the information
available at the sampler. Each sampling time Si is a stopping
time with respect to the filtration {Nt+ , t ≥ 0} such that
{Si ≤ t} ∈ Nt+ , ∀t ≥ 0.

(6)

Let π = (S1 , S2 , ...) represent a sampling policy and Π
represent the set of causal sampling policies that satisfy two
conditions: (i) Each sampling policy π ∈ Π satisfies (6) for
all i. (ii) The sequence of inter-sampling times {Ti = Si+1 −
Si , i = 0, 1, . . .} forms a regenerative process [41, Section
6.1]: There exists an increasing sequence 0 ≤ k1 < k2 < . . .
of almost surely finite random integers such that the post-kj
process {Tkj +i , i = 0, 1, . . .} has the same distribution as the
post-k0 process {Tk0 +i , i = 0, 1, . . .} and is independent of the
pre-kj process {Ti , i = 0, 1, . . . , kj − 1}; further, we assume
that E[kj+1 − kj ] < ∞, E[Sk1 ] < ∞, and 0 < E[Skj+1 −
Skj ] < ∞, j = 1, 2, . . .1
R
will optimize lim supT →∞ E[ 0T (Xt −X̂t )2 dt]/T , but operationally
R Di
a nicer criterion is lim supi→∞ E[ 0 (Xt − X̂t )2 dt]/E[Di ]. These criteria
are corresponding to two definitions of “average cost per unit time” that are
widely used in the literature of semi-Markov decision processes. These two
criteria are equivalent, if {T1 , T2 , . . .} is a regenerative process, or more
generally, if {T1 , T2 , . . .} has only one ergodic class. If not condition is
imposed, however, they are different. The interested readers are referred to
[42]–[46] for more discussions.
1 We

According to (6), Si is a finite stopping time. By using [47,
Eq. (3)] and the strong Markov property of the OU process
[13, Eq. (4.3.27)], Xt is expressed as


Xt =XSi e−θ(t−Si ) + µ 1 − e−θ(t−Si )
σ
+ √ e−θ(t−Si ) We2θ(t−Si ) −1 , if t ∈ [Si , ∞). (8)
2θ
At any time t ≥ 0, the estimator uses causally received
samples to construct an estimate X̂t of the real-time signal
value Xt . The information available to the estimator consists
of two parts: (i) Mt = {(Si , XSi , Di ) : Di ≤ t}, which
contains the sampling time Si , sample value XSi , and delivery
time Di of the samples that have been delivered by time t
and (ii) the fact that no sample has been received after the
last delivery time max{Di : Di ≤ t}. Similar to [5], [36],
[48], we assume that the estimator neglects the second part of
information.2 Then, as shown in our technical report [49], the
minimum mean square error (MMSE) estimator is


X̂t = E[Xt |Mt ] =XSi e−θ(t−Si ) + µ 1 − e−θ(t−Si ) ,
if t ∈ [Di , Di+1 ), i = 0, 1, 2, . . . (9)
D. Problem Formulation
The goal of this paper is to find the optimal sampling policy
that minimizes the mean-squared estimation error subject to an
average sampling-rate constraint, which is formulated as the
following problem:
"Z
#
T
1
(Xt − X̂t )2 dt
(10)
mseopt = min lim sup E
π∈Π
T →∞ T
0
" n
#
X
1
1
(Si+1 − Si ) ≥
s.t. lim inf E
, (11)
n→∞ n
fmax
i=1
where mseopt is the optimum value of (10) and fmax is the
maximum allowed sampling rate. When fmax = ∞, this
problem becomes an unconstrained problem.
III. M AIN R ESULT
A. Signal-aware Sampling
Problem (10) is a constrained continuous-time MDP with a
continuous state space. However, we found an exact solution
to this problem. To present this solution, let us consider an
2 In [11], [35]–[40], it was shown that when the sampler and estimator are
jointly optimized, the MMSE estimator has the same expression no matter
with or without the second part of information. We will consider the joint
optimization of the sampler and estimator in our future work.

Algorithm 1 Bisection method for solving (19)

Algorithm 2 Bisection method for solving (21)

given l = mseYi , u = mse∞ , tolerance  > 0.
repeat
β := (l + u)/2.
h
i
E

given l = mseYi , u = mse∞ , tolerance  > 0.
repeat
β := (l + u)/2.
o := E[Di+1 (β) − Di (β)].
if o ≥ 1/fmax , u := β; else, l := β.
until u − l ≤ .
return β.

R Di+1 (β)
(Xt −X̂t )2 dt

Di (β)
.
o := β − E[D
i+1 (β)−Di (β)]
if o ≥ 0, u := β; else, l := β.
until u − l ≤ .
return β.

OU process Ot with initial state Ot = 0 and parameter µ = 0.
According to (8), Ot can be expressed as
σ
Ot = √ e−θt We2θt −1 .
(12)
2θ
Define
σ2
E[1 − e−2θYi ],
(13)
mseYi = E[OY2 i ] =
2θ
2
σ
2
.
(14)
mse∞ = E[O∞
]=
2θ
In the sequel, we will see that mseYi and mse∞ are the lower
and upper bounds of mseopt , respectively. We will also need
to use the function3
2 Z x
2 √
2
ex
π
ex
G(x) =
erf(x), x ∈ [0, ∞), (15)
e−t dt =
x 0
x 2
where erf(·) is the error function, defined as
Z x
2
2
√
e−t dt.
erf(x) =
π 0

(16)

(18)

G−1 (·) is the inverse function of G(·) in (15). The value of
β ≥ 0 is determined in two cases: β is the root of
i
hR
D
(β)
2
dt
E Dii+1
(X
−
X̂
)
t
t
(β)
β=
,
(19)
E[Di+1 (β)−Di (β)]
if the root of (19) satisfies
E[Di+1 (β) − Di (β)] > 1/fmax ;

(20)

3 If

−mse

∞
Yi
≥ 1. Further, it is not hard to
By Lemma 1, mse
∞ −β
show that G(x) is strictly increasing on [0, ∞) and G(0) = 1.
Hence, the inverse function G−1 (·) and the threshold v(β) are
properly defined and v(β) ≥ 0. We note that the service time
distribution affects the optimal sampling policy in (17) and
(18) through mseYi and β.
The calculation of β falls into two cases: In one case, β
can be computed by solving (19) via the bisection search
method in Algorithm 1. For this case to occur, the sampling
rate constraint (11) needs to be inactive at the β obtained in
Algorithm 1. Because Di (β) = Si (β) + Yi , we can obtain
E[Di+1 (β) − Di (β)] = E[Si+1 (β) − Si (β)] and hence (20)
holds when the sampling rate constraint (11) is inactive. In the
other case, β is selected to satisfy the sampling rate constraint
(11) with equality, which is implemented by using another
bisection method in Algorithm 2. The upper and lower bounds
for bisection search in Algorithms 1-2 are chosen based on
Lemma 1.
If fmax = ∞, because E[Di+1 (β) − Di (β)] ≥ E[Yi ] > 0,
(20) is always satisfied and only the first case can happen. By
comparing (19) and (22), it follows immediately that

Lemma 2. If the sampling rate constraint is removed, i.e.,
fmax = ∞, then β = mseopt .

otherwise, β is the root of
E[Di+1 (β) − Di (β)] = 1/fmax .

Lemma 1. In Theorem 1, it holds that mseYi ≤ mseopt ≤ β ≤
mse∞ .
mse

Theorem 1. If the Yi ’s are i.i.d. with 0 < E[Yi ] < ∞, then
(S1 (β), S2 (β), . . .) with a parameter β is an optimal solution
to (10), where
n
o
Si+1 (β) = inf t ≥ Di (β) : Xt − X̂t ≥ v(β) ,
(17)
Di (β) = Si (β) + Yi , v(β) is defined by


σ
mse∞ − mseYi
v(β) = √ G−1
,
mse∞ − β
θ

The optimal objective value to (10) is then given by
hR
i
D
(β)
E Dii+1
(Xt − X̂t )2 dt
(β)
mseopt =
.
(22)
E[Di+1 (β)−Di (β)]
The proof of Theorem 1 is explained in Section IV. Due
to space limitation, most proofs are relegated to our technical
report [49], unless specified otherwise. The optimal sampling
policy in Theorem 1 has a nice structure. Specifically, the
(i + 1)-th sample is taken at the earliest time t satisfying two
conditions: (i) The i-th sample has already been delivered by
time t, i.e., t ≥ Di (β), and (ii) the estimation error |Xt − X̂t |
is no smaller than a pre-determined threshold v(β), where
v(·) is a non-linear function defined in (18). In [49], we have
obtained

(21)

x = 0, G(x) is defined as its right limit G(0) = limx→0+ G(x) = 1.

The calculation of the expectations in Algorithms 1-2 can
be greatly simplified by using the following lemma, which
is obtained in [49] by using Dynkin’s formula [14, Theorem
7.4.1] and the optional stopping theorem.

Lemma 3. In Theorem 1, it holds that
E[Di+1 (β) − Di (β)]
=E[max{R1 (v(β)) − R1 (OYi )}, 0] + E[Yi ],
"Z
#
Di+1 (β)
2
E
(Xt − X̂t ) dt

as in Theorem 1, which appears to be more fundamental than
the expression in [4], [5].
(23)

In signal-ignorant sampling policies, the sampling times Si
are determined based only on the service times Yi , but not on
the observed OU process {Xt , t ≥ 0}.

Di (β)

=E[max{R2 (v(β)) − R2 (OYi )}, 0]


+ mse∞ [E(Yi ) − γ] + E max{v 2 (β), OY2 i } γ,

(24)

where
1
E[1 − e−2θYi ],
2θ


3
v2
θ
R1 (v) = 2 2 F2 1, 1; , 2; 2 v 2 ,
σ
2
σ


v2
3
v2
θ 2
R2 (v) = − +
,
2 F2 1, 1; , 2; 2 v
2θ 2θ
2
σ

γ=

(25)
(26)
(27)

and 2 F2 is the generalized hypergeometric function [50].
Because the Yi ’s are i.i.d., the expectations in Lemma 3 are
functions of β and are irrelevant of i. One can improve the
accuracy of the solution in Algorithms 1-2 by (i) reducing
the tolerance  and (ii) increasing the number of Monte
Carlo realizations for computing the expectations. Such a lowcomplexity solution for solving a constrained continuous-time
MDP with a continuous state space is rare.
1) Sampling of Wiener Processes: In the limiting case that
σ = 1 and θ → 0, the OU process Xt in (1) becomes a Wiener
process Xt = Wt . In this case, the MMSE estimator in (9) is
given by
X̂t = WSi , if t ∈ [Di , Di+1 ).
As shown in [49], v(·) defined by (18) tends to
p
v(β) = 3(β − E[Yi ]).

B. Signal-ignorant Sampling

(28)

(29)

Theorem 2. If σ = 1, θ → 0, and the Yi ’s are i.i.d. with
0 < E[Yi ] < ∞, then (S1 (β), S2 (β), . . .) with a parameter β
is an optimal solution to (10), where
o
n
p
Si+1 (β) = inf t ≥ Di (β) : Xt − X̂t ≥ 3(β − E[Yi ]) ,
(30)
Di (β) = Si (β) + Yi . The value of β ≥ 0 is determined in two
cases: β is the root of
hR
i
D
(β)
2
E Dii+1
(X
−
X̂
)
dt
t
t
(β)
β=
,
(31)
E[Di+1 (β)−Di (β)]
if the root of (31) satisfies E[Di+1 (β) − Di (β)] > 1/fmax ;
otherwise, β is the root of E[Di+1 (β) − Di (β)] = 1/fmax .
The optimal objective value to (10) is given by
hR
i
D
(β)
2
E Dii+1
(X
−
X̂
)
dt
t
t
(β)
mseopt =
.
(32)
E[Di+1 (β)−Di (β)]
Theorem 2 is an alternative form of Theorem 1 in [4], [5].
The benefit of the new expression in (30)-(32) is that they
allows to character β based on the optimal objective value
mseopt and the sampling rate constraint (11), in the same way

Lemma 4. If π ∈ Πsignal-ignorant , then the mean-squared
estimation error of the OU process Xt at time t is
i σ2
h

1 − e−2θ∆t , (33)
E (Xt − X̂t )2 π, Y1 , Y2 , . . . =
2θ
which a strictly increasing function p(∆t ) of the age ∆t .
According to Lemma 4 and Fubini’s theorem, for every
policy π ∈ Πsignal-ignorant ,
"Z
#
"Z
#
T
T
2
E
(Xt − X̂t ) dt = E
p(∆t )dt .
(34)
0

0

Hence, minimizing the mean-squared estimation error among
signal-ignorant sampling policies can be formulated as the
following MDP for minimizing the expected time-average of
the nonlinear age function p(∆t ):
"Z
#
T
1
lim sup E
mseage-opt =
inf
p(∆t )dt
(35)
π∈Πsignal-ignorant T →∞ T
0
" n
#
X
1
1
s.t.
lim inf E
(Si+1 − Si ) ≥
,
n→∞ n
f
max
i=1
(36)
where mseage-opt is the optimal value of (35). By (33), p(∆t )
and mseage-opt are bounded. Problem (35) is one instance of
the problems recently solved in Corollary 3 of [15] for general
strictly increasing functions p(·). From this, a solution to (35)
is given by
Theorem 3. If the Yi ’s are i.i.d. with 0 < E[Yi ] < ∞, then
(S1 (β), S2 (β), . . .) with a parameter β is an optimal solution
to (35), where
n
o
Si+1 (β) = inf t ≥ Di (β) : E[(Xt+Yi+1 − X̂t+Yi+1 )2 ] ≥ β ,
(37)
Di (β) = Si (β) + Yi . The value of β ≥ 0 is determined in two
cases: β is the root of
hR
i
D
(β)
(Xt − X̂t )2 dt
E Dii+1
(β)
,
(38)
β=
E[Di+1 (β)−Di (β)]
if the root of (38) satisfies E[Di+1 (β) − Di (β)] > 1/fmax ;
otherwise, β is the root of E[Di+1 (β) − Di (β)] = 1/fmax .
The optimal objective value to (35) is given by
hR
i
D
(β)
(Xt − X̂t )2 dt
E Dii+1
(β)
mseage-opt =
.
(39)
E[Di+1 (β)−Di (β)]
Because Πsignal-ignorant ⊂ Π, it follows immediately that
mseopt ≤ mseage-opt .

C. Discussions of the Results
The difference among Theorems 1-3 is only in the expressions (17), (30), (37) of threshold policies. In signalaware sampling policies (17) and (30), the sampling time is
determined by the instantaneous estimation error Xt − X̂t ,
and the threshold function v(·) is determined by the specific
signal model. In the signal-ignorant sampling policy (37), the
sampling time is determined by the expected estimation error
E[(Xt+Yi+1 − X̂t+Yi+1 )2 ] at time t + Yi+1 . We note that if
t = Si+1 (β), then t + Yi+1 = Si+1 (β) + Yi+1 = Di+1 (β)
is the delivery time of the new sample. Hence, (37) requires
that the expected estimation error upon the delivery of the new
sample is no less than β. The parameter β in Theorems 1-3
is determined by the optimal objective value and the sampling
rate constraint in the same manner. Later on in (42) and in
our technical report [49], we have shown that β is exactly
equal to the summation of the optimal objective value of the
MDP and the optimal Lagrangian dual variable associated to
the sampling rate constraint. Finally, it is worth noting that
Theorems 1-3 hold for all distributions of the service times
Yi satisfying 0 < E[Yi ] < ∞, and for both constrained and
unconstrained sampling problems.
IV. A K EY P ROOF S TEP OF T HEOREM 1: O PTIMAL
P ER -S AMPLE S TOPPING RULE
We prove Theorem 1 in four steps: (i) We first show
that sampling should be suspended when the server is busy,
which can be used to simplify (10). (ii) We use an extended
Dinkelbach’s method [51] and Lagrangian duality method to
decompose the simplified problem into a series of mutually
independent per-sample MDP. (iii) We utilize the free boundary method in the optimal stopping theory [13] to solve the
per-sample MDPs analytically. (iv) Finally, we use a geometric
multiplier method [52] to show that the duality gap is zero.
The above proof framework is an extension to that used in
[4], [5], [15]. Due to space limitation, we present the most
challenging part of the proof in this section, which is step (iii)
on finding the analytical solution of the per-sample MDP. The
other steps are provided in our technical report [49].
Let us consider an OU process Vt with initial state V0 = v
and parameter µ = 0. Define the σ-fields FtV = σ(Vs : s ∈
[0, t]), FtV + = ∩r>t FrV , and the filtration {FtV + , t ≥ 0}
associated to {Vt , t ≥ 0}. Define MV as the set of integrable
stopping times of {Vt , t ∈ [0, ∞)}, i.e.,
MV = {τ ≥ 0 : {τ ≤ t} ∈ FtV + , E [τ ] < ∞}.

(40)

In step (iii), our goal is to solve the following optimal stopping
problem for any given initial state v ∈ R


Z τ
2
2
sup Ev −γVτ − (Vs − β)ds ,
(41)
τ ∈MV

0

where Ev [·] is the conditional expectation for given initial state
V0 = v, γ ≥ 0 is given in (25), and β ≥ 0 is given by
β = mseopt + λ,

(42)

In order to solve (41), we first find a candidate solution to
(41) by solving a free boundary problem; then we prove that
the free boundary solution is indeed the value function of (41):
where the supremum is taken over all stopping times τ of Vt .

1) A candidate solution to (41): Now, we show how to
solve (41). The general optimal stopping theory in Chapter I
of [13] tells us that the following guess of the stopping time
should be optimal for Problem (41):
τ∗ = inf{t ≥ 0 : |Vt | ≥ v∗ },

(43)

where v∗ ≥ 0 is the optimal stopping threshold to be found.
Observe that in this guess, the continuation region (−v∗ , v∗ )
is assumed symmetric around zero since the OU process is
symmetric, i.e., the process {−Vt , t ≥ 0} is also an OU
process started at −v. Similarly, we may also argue that the
value function should be even.
According to [13, Chapter 8], and [14, Chapter 10], the
value function and the optimal stopping threshold v∗ should
satisfy the following free boundary problem:
σ 2 00
H (v) − θvH 0 (v) = v 2 − β,
2
H(±v∗ ) = −γv∗2 ,
H 0 (±v∗ ) = ∓2γv∗ .

v ∈ (−v∗ , v∗ ),

(44)
(45)
(46)

In [49], we use the integrating factor method [53, Sec. I.5] to
find the general solution to (44) given by




v2
1
β
3
θ 2 2
H(v) = −
+
−
v
2 F2 1, 1; , 2; 2 v
2θ
2θ σ 2
2
σ
√ !
θ
v + C2 ,
v ∈ (−v∗ , v∗ ), (47)
+ C1 erfi
σ
where C1 and C2 are constants to be found for satisfying
(45)-(46), and erfi(x) is the imaginary error function, i.e.,
Z x
2
2
et dt.
(48)
erfi(x) = √
π 0
Because H(v) should be even, C1 = 0. In order to satisfy the
boundary condition (45), C2 is chosen as



1
1
β
3
θ 
C2 = E e−2θYi v∗2 +
− 2 2 F2 1, 1; , 2; 2 v∗2 v∗2 ,
2θ
2θ σ
2
σ
where we have used (25). By this, we obtain the expression
of H(v) in the continuation region (−v∗ , v∗ ). In the stopping
region |v| ≥ v∗ , the stopping time in (43) is τ∗ = 0 since
|V0 | = |v| ≥ v∗ . Hence, if |v| ≥ v∗ , the objective value
achieved by the sampling time (43) is


Z 0
Ev −γv 2 − (Vs2 − β)ds = −γv 2 .
0

By this, we obtain a candidate of the value function for (41):




2
1

 − v2θ + 2θ
− σβ2 2 F2 1, 1; 23 , 2; σθ2 v 2 v 2 + C2 ,
H(v) =
if |v| < v∗ ,


−γv 2 ,
if |v| ≥ v∗ .
(49)
Next, we find v∗ . By

v
σ
0
H (v) = − +
3 −
θ
θ2

taking the gradient of H(v), we get
√ !

2β
θ
√
v , v ∈ (−v∗ , v∗ ),
F
σ
σ θ
(50)

where

1.05

F (x) = e

x2

Z

x

−t2

e

dt.

1

(51)

0.95

0

Substituting (13), (14), and (25) into (52), yields that v∗ is the
root of
√ 
θ
v = mse∞ − mseYi ,
(53)
(mse∞ − β) G
σ
where G(·) is defined in (15). Solving (53), we obtain that
v∗ can be expressed as a function v(β) of β, where v(β) is
defined by (18). By this, we obtain a candidate solution to
(41).
2) Verification of the optimality of the candidate solution:
Next, we use Itô’s formula to verify the above candidate
solution is indeed optimal, as stated in the following theorem:
Theorem 4. For all v ∈ R, H(v) in (49) is the value function
of the optimal stopping problem (41). The optimal stopping
time for solving (41) is τ∗ in (43), where v∗ = v(β) is given
by (18).
In order to prove Theorem 4, we have established the
following properties of H(v):


Rτ
Lemma 5. H(v) = Ev −γVτ2∗ − 0 ∗ (Vs2 − β)ds .
Lemma 6. H(v) ≥ −γv 2 for all v ∈ R.
A function f (v) is said to be excessive for the process Vt
if
Ev f (Vt ) ≤ f (v), ∀t ≥ 0, v ∈ R.

(54)

By using Itô’s formula in stochastic calculus, we can obtain
Lemma 7. The function H(v) is excessive for the process Vt .
The proof of Lemmas 5-7 are given in [49]. Now, we are
ready to prove Theorem 4.
Proof of Theorem
4. InR Lemmas 5-7, we have shown that

τ
H(v) = Ev −γVτ2∗ − 0 ∗ (Vs2 − β)ds , H(v) ≥ −γv 2 , and
H(v) is an excessive function. Moreover, from the proof of
Lemma 5, we know that Ev [τ∗ ] < ∞ holds for all v ∈ R.
Hence, Pv (τ∗ < ∞) = 1 for all v ∈ R. These conditions and
Theorem 1.11 in [13, Section 1.2] imply that τ∗ is an optimal
stopping time of (41). This completes the proof.
V. N UMERICAL R ESULTS
In this section, we evaluate the estimation error achieved by
the following four sampling policies:
1. Uniform sampling: Periodic sampling with a period given
by Si+1 − Si = 1/fmax .
2. Zero-wait sampling [1], [20]: The sampling policy given
by
Si+1 = Si + Yi ,
which is infeasible when fmax < 1/E[Yi ].

(55)

Uniform sampling
Zero-wait sampling
Age-optimal sampling
MSE-optimal sampling

0.9
0.85

MSE

The boundary condition (46) implies that v∗ is the root of
√ !


v
2β
θ
σ
√
− +
F
v = −2γv.
(52)
3 −
θ
σ
σ θ
θ2

0.8
0.75
0.7
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0.6
0.55

0
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1

1.5
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Fig. 3: MSE vs fmax tradeoff for i.i.d. exponential service time
with E[Yi ] = 1, where the parameters of the OU process are
σ = 1 and θ = 0.5.
3. Age-optimal sampling [15]: The sampling policy given
by Theorem 3.
4. MSE-optimal sampling: The sampling policy given by
Theorem 1.
Let mseuniform , msezero-wait , mseage-opt , and mseopt , be the MSEs
of uniform sampling, zero-wait sampling, age-optimal sampling, MSE-optimal sampling, respectively. We can obtain
mseYi ≤ mseopt ≤ mseage-opt ≤ mseuniform ≤ mse∞ ,
mseage-opt ≤ msezero-wait ≤ mse∞ ,
(56)
whenever zero-wait sampling is feasible, which fit with our
numerical results.
Figure 3 illustrates the tradeoff between the MSE and fmax
for i.i.d. exponential service times with mean E[Yi ] = 1.
Because E[Yi ] = 1, the maximum throughput of the queue
is 1. The parameters of the OU process are σ = 1, θ = 0.5
and µ can be chosen arbitrarily. The lower bound mseYi is 0.5
and the upper bound mse∞ is 1. In fact, as Yi is an exponential
2
random variable with mean 1, σ2θ (1 − e−2θYi ) has a uniform
distribution on [0, 1]. Hence, it is natural that mseYi = 0.5.
For small values of fmax , age-optimal sampling has similarity
with uniform sampling, and hence mseage-opt and mseuniform are
of same values. However, as fmax grows mseuniform reaches
the upper bound and remains constant for fmax ≥ 1. This
is because the queue length of uniform sampling is large at
high sampling frequencies. In particular, when fmax ≥ 1, the
queue length of uniform sampling is infinite. On the other
hand, mseage-opt and mseopt decrease with respect to fmax . The
reason behind this is that the set of feasible sampling policies
satisfying the constraint in (10) and (35) becomes larger as
fmax grows, and hence the optimal values of (10) and (35)
are decreasing in fmax . As we expected, msezero-wait is larger
than mseopt and mseage-opt . Moreover, all of them are between
the lower bound and upper bound.
VI. C ONCLUSION
In this paper, we have studied the optimal sampler design
for remote estimation of OU processes through queues. We
have developed optimal sampling policies that minimize the

estimation error of OU processes subject to a sampling rate
constraint. These optimal sampling policies have nice structures and are easy to compute. A connection between remote
estimation and nonlinear age metrics has been found. The
structural properties of the optimal sampling policies shed
lights on the possible structure of the optimal sampler designs
for more general signal models, such as Feller processes,
which is an important future research direction.
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