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Abstract—Distributed storage systems provide reliability by
distributing data over multiple storage nodes. Once a node fails,
a new node is introduced to the system to maintain the availability
of the stored data. The new node downloads information from
other surviving nodes called helper nodes to recover the lost data
in the failed node. The number of helper nodes is called repair
degree. Compared to traditional approaches, e.g., replication
and erasure codes, the regenerating codes proposed recently
can significantly reduce the repair bandwidth in homogeneous
distributed storage systems. Most existing works focus on uniform
settings (e.g., in terms of repair degree and repair bandwidth).

However, due to network structures or connectivity limitations,
for each failed node, the number of required helper nodes may be
different for distinct failed nodes. Furthermore, considering the
limits of network traffic of bandwidth, the amount of information
allowed to be downloaded from each helper node could also vary.
Thus we are motivated to investigate heterogeneous distributed
storage systems where the repair degree and the amount of infor-
mation downloaded from each helper node can be different. In
order to obtain the minimal bandwidth to recover a failed node,
we construct an information flow graph for such heterogeneous
systems. By analyzing the cut-set bound of the information flow
graph, the optimal tradeoff between storage capacity and repair
bandwidth is derived. We then propose asymmetric regenerating
codes that can achieve the curve of the optimal tradeoff. A linear
construction of asymmetric regenerating codes is presented. Com-
pared with previous regenerating codes, asymmetric regenerating
codes are shown to have a lower repair bandwidth under a certain
constraint condition, whose reduction can be up to 36.2%.

I. INTRODUCTION

Distributed storage systems ensure reliable access to store
data with redundancy over a large number of nodes in a dis-
tributed way. Application scenarios include many commercial
systems such as Amazon [1], SkyDrive [2], Facebook [3] and
Microsoft Azure Systems [4]. Once a node fails, a new node
called newcomer joins in the system and downloads data from
other surviving nodes called helper nodes to recover the lost
data in the failed node to achieve a given level of reliability.

Various strategies are proposed to improve the reliability
in homogenous distributed storage systems (where the set-
tings of storage nodes are uniform). The simplest strategy is
replication, and a more efficient one is using erasure codes,
which can reduce the storage capacity and enhance the fault-
tolerance. Erasure codes are widely adopted [5] [6]. In erasure
codes, a file of size B is divided into k fragments of size B/k
each. These fragments are then encoded into n fragments of
the same size B/k. Each encoded fragment is stored in a
distinct node such that any k nodes can recover the original

file. This property is called the Maximum Distance Separable
(MDS) property. Upon an individual node fails, for an (n, k)
erasure code, the conventional way to repair the failed node
is to download k fragments to retrieve the original file, and
then the failed fragment can be recovered directly from the
original file. Therefore, the repair bandwidth with erasure
codes is B, which is k times the failed fragment size. To
reduce the repair bandwidth, regenerating codes are introduced
in [7], where for each failed node, the newcomer connects to d
(d ≥ k) helper nodes and downloads β bits from each helper
node. The number of helper nodes d is called repair degree.
The fundamental tradeoff between storage capacity and repair
bandwidth is obtained in [7]. The explicit constructions of
regenerating codes are introduced in [8]–[10].

In real-world systems, the heterogeneity of systems should
be taken into account [11]–[14]. In [11], different nodes may
have different downloading costs, and the tradeoff between
cost and bandwidth is derived. [12] focuses on minimizing the
bandwidth in flexible regenerating codes with flexible recon-
struction conditions and flexible amounts of information down-
loaded from each helper node. [14] presents some numerical
results of a general model with flexible reconstruction degree
(i.e., the number of nodes used to recover the original file),
dynamic storage and dynamic bandwidth. However, in existing
works, the repair degree and the amount of downloaded
information during the node repair process are not considered,
which is important due to various network structures and
limitations of network traffic in practical systems.

In this paper, we focus on a heterogeneous system where
storage nodes can have different repair degrees and repair
bandwidths. Due to various repair degrees, all storage nodes
are classified into multiple types, and different kinds of nodes
are allowed to download different amounts of data from
each helper node. Therefore, different kinds of nodes have
various repair conditions, which should be satisfied in the
repair process. Fig. 1 provides a motivating example when
n=6 and k=2. Assume that all nodes are placed in a line,
and each node is only allowed to download information from
neighbouring nodes. Meanwhile, suppose that all nodes in the
middle are only allowed to transfer one encoded fragment
to each other due to traffic limitations. Then, all nodes can
be classified into two types: the two nodes at both ends (n-
odes 1, 6) with one neighbouring node and the nodes (nodes 2-
5) with two neighbouring nodes. Supposing node 3 fails, it



Fig. 1. A single-node repair process for the (6, 2) Minimum Storage Asymmetric Regenerating Codes. A file of size B=2Mb is divided into four fragments
with each of size 0.5Mb, represented by the vector x=(x1, x2, x3, x4). The four fragments are encoded into twelve fragments with the same size 0.5Mb over
a finite field, and are stored in six nodes. The original file can be recovered from some sets of two nodes (such as nodes 1 and 5, 2 and 4, 3 and 6, etc.).

can be repaired by downloading one encoded fragment from
node 2 and node 4, respectively. Similarly, nodes 2, 4, 5 can be
repaired by downloading a encoded fragment from each of
the two neighboring nodes. And nodes 1, 6 both download two
encoded fragments from one neighbouring node to complete
the repair process. If considering the homogeneous systems
(where all nodes are fully connected and the bandwidth is
sufficient), each storage node can be repaired by downloading
one encoded fragment from each of any two nodes, which is
not limited by the network structures and network traffic. In
this example, the single-node repair bandwidth equals to the
storage size 1Mb in both homogeneous and our heterogeneous
setting. Thus, the repair bandwidth achieves the minimum
value theoretically (the minimal value of repair bandwidth is e-
qual to the storage capacity of a single node [7]). However, for
a general heterogeneous system, the tradeoff between storage
capacity and repair bandwidth [7] in previous homogeneous
systems is no longer applicable. Thus, an important question
is, how much bandwidth is needed to recover a failed node?

To analyze the minimal bandwidth to recover the failed
node, an information flow graph is constructed for such het-
erogeneous systems. Based on the graph, the optimal tradeoff
between storage capacity and repair bandwidth is derived.
Furthermore, to achieve the tradeoff curve, we propose asym-
metric regenerating codes. When there is only one kind of
nodes in the system, our asymmetric regenerating codes will
be degenerated to regenerating codes in [7].

To summarize, our main contributions are as follows.
• We study the min-cut bound of the information flow graph

for heterogeneous distributed storage systems, and obtain
a tradeoff between storage capacity and repair bandwidth.

• We propose asymmetric regenerating codes, a new and
improved regenerating codes for heterogeneous systems,
which can achieve the curve of the tradeoff. A linear con-
struction of asymmetric regenerating codes is presented.

• A case study is illustrated, which shows that asymmetric
regenerating codes have a lower repair bandwidth than
previous regenerating codes [7] in certain ranges. And
the repair bandwidth can be reduced by up to 36.2%.

The remainder of this paper is organized as follows. In
Section II, we briefly introduce regenerating codes and flexible
regenerating codes. In Section III, we describe the system
model and derive the optimal tradeoff between storage and
repair bandwidth. In Section IV, a linear code construction is
presented. In Section V, we present quantitative and qualitative
comparisons between asymmetric regenerating codes and other

storage strategies. Finally, in Section VI, we make conclusions.

II. RELATED WORK

In this section, we briefly introduce two existing storage
strategies for distributed systems. We first show the regener-
ating codes for homogeneous systems, where each node has
exactly the same parameters. Then the flexible regenerating
codes are introduced for a class of heterogeneous systems.

A. Regenerating Codes
Regenerating codes are introduced in [7] for homogeneous

systems. Suppose that there are n active storage nodes in the
system, each with a same storage capacity α. Upon a node
fails, a newcomer is introduced to the system and downloads
data of the same size β each from d helper nodes to complete
the repair process. The total repair bandwidth is denoted by
γ, where γ = dβ. By analyzing the cut-set bound of the
information flow graph, the optimal tradeoff between storage
capacity α and repair bandwidth γ is obtained. Further, two
extremal points on the tradeoff curve corresponding to the
minimum storage (MSR codes) and the minimum bandwidth
(MBR codes) are presented as follows:

(αMSR, γMSR) =

(
B

k
,

Bd

k(d− k + 1)

)
, (1)

and

(αMBR, γMBR) =

(
2Bd

k(2d− k + 1)
,

2Bd

k(2d− k + 1)

)
. (2)

It requires that d ≥ k where k is the minimum number of
nodes that can retrieve the original file. Note that in our model,
the repair degree for each storage node can be different and
is not necessarily larger than k.

B. Flexible Regenerating Codes
[12] introduces the flexible regenerating codes for a class

of heterogeneous systems with flexible reconstruction and
flexible regeneration. The flexible reconstruction means that
the original file can be recovered by downloading various
amounts of information from each storage node. The flexible
regeneration means that the newcomer downloads flexible
amounts of information from each surviving node. By ana-
lyzing the cut-set bound of the information flow graph, the
lower bound of repair bandwidth is derived.

While the amount of information downloaded from each
helper node can be different, the number of helper nodes
is fixed, which limits the application of flexible regenerating
codes. In our model, storage nodes are classified into many sets
X1, X2, · · · , Xm, and the node in the set Xµ (µ=1, 2,· · · ,m)
is repaired by downloading βµ bits each from dµ helper nodes.



For nodes in different sets, the number of helper nodes can
be different. In this sense, we try to provide new insights for
regenerating codes when storage nodes have various repair
conditions.

III. SYSTEM MODEL

In this section, we formulate the regeneration process in
heterogeneous distributed storage systems. Then we derive
the optimal tradeoff between storage and repair bandwidth by
analyzing the cut-set bound of the information flow graph, and
characterize two extremal points on the tradeoff curve.

A. Asymmetric Regeneration

A file of size B is stored in n storage nodes. Each storage
node has a cache size of α bits. For each failed node,
the number of required helper nodes is not the same in a
heterogeneous distributed storage system. The n nodes can be
classified into m sets X1, X2, · · · , Xm, such that any node
in the set Xµ (µ=1, 2,· · · ,m) can be repaired by connecting
to any dµ helper nodes. Let |Xµ| represent the number of
nodes in the set Xµ. In addition, the nodes in different sets
are allowed to download different amounts of data from each
helper node due to network traffic limitations.

The repair process of a single-node failure is described
as follows. Once a node in the set Xµ fails, a new-
comer is introduced to the system and downloads βµ bits
each from dµ helper nodes. This property is called asym-
metric regeneration (see Fig. 2). Suppose that the total
repair bandwidth of each storage node is equal and is
denoted by γ, i.e., dµβµ=γ (µ=1, 2,· · · ,m). Then, the
asymmetric regeneration can be denoted by the parame-
ters set (n, k, dµ, |Xµ|, α, γ). For the convenience of de-
scription, we assume that d1<d2<· · ·<dm ≤n − 1 and
|X0|+· · ·+|Xi|<k≤|X0|+· · ·+|Xi|+|Xi+1|.

Besides, any set of k nodes out of the n nodes can retrieve
the original file. This property is called data-reconstruction.
Note that if the newcomer stores exactly the same data as that
stored in the failed node, this repair mode is called exactly
asymmetric regeneration. Otherwise, the repair mode is called
functionally asymmetric regeneration, where the data stored
in the newcomer is different from the one stored in the failed
node, but the repaired network still satisfies the asymmetric
regeneration and data-reconstruction properties. We consider
the single-node failure [15], which is the most common failure
scenario in practical distributed storage systems.

Our objective is to minimize the repair bandwidth γ under
the mode of functionally asymmetric regeneration. To further
proceed, an information flow graph [7] is constructed to
obtain the optimal tradeoff between storage capacity and repair
bandwidth in the following subsection.

B. Information Flow Graph

The information flow graph G has three kinds of nodes: a
single source node S, a data collector node DC and storage
nodes pairs xi

in and xi
out. Single source node S represents the

original file. Storage nodes pairs xi
in and xi

out referred to as

Fig. 2. The asymmetric regeneration process: A file of size B is stored in
many nodes in a form of scattered fragments in a heterogeneous distributed
storage system. Assuming that a node in the set Xµ (µ = 1, 2, · · · ,m)
suffers from failure, a newcomer connects to dµ helper nodes and downloads
βµ bits each from them to complete the repair process.

input node and output node of node i. These two nodes are
connected by a directed edge with capacity α representing the
size of storage node. DC represents the data collector which
can retrieve the original file by connecting to k output nodes.

The min-cut in the information flow graph is equivalent to
the maximum network flow according to the Max-flow Min-
cut theorem [16]. A cut separating the source S and the data
collector DC is a subset C of edges satisfying that all paths
starting from S to DC have one or more edges in C. The
min-cut means the cut whose total sum of the edge capacities
is the smallest. Therefore, no DC can reconstruct the original
file if the min-cut separating S and DC is smaller than the
original file size B.

Fig. 3 presents an example of the information flow graph
corresponding to the (6, 2) MSAR codes in Fig. 1 for a single-
node repair. There are two types of storage nodes represented
in two kinds of colors in Fig. 3. Every node stores two encoded
fragments of each size 0.5Mb. If node x3 fails, a new node
x7 joins in the system to replace it. Considering the limit of
linear topology, node x7 can only connect to node x2 and x4,
and downloads β1 bits each from them. Our objective is to
derive the lower bound of β1 needed. Note that in our system
model, the helper nodes are arbitrary, which is the worst case
analysis. In this example, the min-cut value is 1+2β1, which
implies that the necessary condition is 1+2β1≥2. Then, the
minimum value of β1 is 0.5Mb.

C. Storage-Bandwidth Tradeoff

By analyzing the lower bound of the min-cut in all possible
information flow graphs under asymmetric regeneration, the
cut-set bound is presented as follow.

Lemma 1. In heterogeneous distributed storage systems, the
(n, k, dµ,|Xµ|, α, γ) asymmetric regeneration is achievable if
and only if the following cut-set bound satisfies:

|X1|−1∑
j=0

W1,j+

|X1|+|X2|−1∑
j=|X1|

W2,j+· · ·+
k−1∑

j=|X1|+···+|Xi|

Wi+1,j≥B, (3)

where
Wp,j =max {0,min {(dp − j)βp, α}} p=1, 2,· · ·, i+1.

The proof of Lemma 1 is presented in appendix A. Then,
the optimal tradeoff derived from Lemma 1 is shown as below.

Theorem 1. For any α ≥ α∗(n, k, dµ,|Xµ|, γ), the asym-
metric regeneration of parameters set (n, k, dµ,|Xµ|, α, γ) is



Fig. 3. The information flow graph corresponding to the (6,2) minimum
storage asymmetric regenerating codes in Fig. 1 for a single-node repair.

achievable, and can be realized by linear network codes. If
α < α∗(n, k, dµ,|Xµ|, γ), the (n, k, dµ,|Xµ|, α, γ) asymmetric
regeneration is information theoretically unreachable. When
conditions |X0|= 0, di+1>k, dp≥|X0| + · · · + |Xp| and
dp+1(|X0|+· · ·+|Xp|−1)≤dp(|X0| + · · · + |Xp|), for p =
1, 2, · · · , i meet, the threshold function α∗(n, k, dµ,|Xµ|, γ) is

α∗(n, k, dµ, |Xµ|, γ)

=


B

Fi+2+k−|Xi+1|
, γ∈[H(i+1,|X0|+· · ·+|Xi|+1),+∞)

B−γ[Gp+gp(|Xp|∗−|Xp|+q, q)]

|Xp|−q+Fp
,γ∈[H(p, q),H(p, q−1)).

The minimum γ is

γmin = H(1, |X1|−1) =
2d1B

2d1G1 + |X1|(2d1 − |X1|+ 1)
,

where the expressions of notations Fp, Gp, |Xp|∗, H(p, q) and
gp(|Xp|∗−|Xp|+q, q) are represented in appendix B.

From Theorem 1, there exists codes that achieve every point
on this optimal tradeoff curve, which are called asymmetric
regenerating codes. The proof of Theorem 1 is presented
in appendix B. While the conditions and expressions seem
complex, the most interesting cases are two extremal points,
which is easier to understand, as shown in the following
subsection.

D. Two Special Cases: MSAR Codes and MBAR Codes

There are two extremal points on the tradeoff curve under
asymmetric regeneration, corresponding to the minimum stor-
age capacity and the minimum repair bandwidth, respectively.
The codes achieving these points are called minimum storage
asymmetric regenerating (MSAR) codes and minimum band-
width asymmetric regenerating (MBAR) codes, respectively.

For MSAR codes, it can be verified that the storage capacity
αMSAR and repair bandwidth γMSAR are identified as

αMSAR =
B

Fi+2 + k − |Xi+1|
,

and

γMSAR =
Bdi+1

k(di+1 − k + 1)
.

MBAR codes have the minimum repair bandwidth for a
single-node repair, whose storage capacity αMBAR and repair
bandwidth γMBAR are presented as follows:

αMBAR =
2d1B

2d1G1 + |X1|(2d1 − |X1|+ 1)
,

and
γMBAR =

2d1B

2d1G1 + |X1|(2d1 − |X1|+ 1)
.

We consider an extreme case where only one kind of
nodes in the system. Then d1=d2, i=0, |F2|=|X1|=k, G1=0.
Therefore, the storage capacity and repair bandwidth of MSAR
and MBAR codes turn into the followings:

(αMSAR, γMSAR) =

(
B

k
,

Bd1
k(d1 − k + 1)

)
, (4)

and

(αMBAR, γMBAR) =

(
2Bd1

k(2d1 − k + 1)
,

2Bd1
k(2d1 − k + 1)

)
. (5)

In this case, the storage capacity and repair bandwidth of M-
SAR codes in equation (4) are both equal to that of MSR codes
in equation (1). Meanwhile, compared (2) with (5), MBAR
codes and MBR codes also have the same storage capacity
and bandwidth. In other words, when there is only one kind
of nodes in the system, our asymmetric regenerating codes is
degenerated to regenerating codes in [7]. A detail comparison
between asymmetric regenerating codes and existing works
will be presented in Section V.

IV. CODE CONSTRUCTION

In this section, a linear code construction of asymmetric
regenerating codes is presented. We follow the construction
framework of [17], which mainly uses a non-randomized al-
gorithm to construct the codes. Before we apply the algorithm
to asymmetric regenerating codes, the finite field size of the
coding coefficients should be determined. From two necessary
properties of asymmetric regenerating codes, the lower bound
of the finite field size is derived by proving the existence of
asymmetric regenerating codes.

In Subsection IV-A, two properties of asymmetric regenerat-
ing codes are formulated, which are both necessary conditions
for the existence of asymmetric regenerating codes. In Sub-
section IV-B, we derive the lower bound of the finite field size
by proving the existence of asymmetric regenerating codes. In
Subsection IV-C, a linear code construction is presented.

A. The Properties of Asymmetric Regenerating Codes

Suppose the original file is represented as a column vector
X of size B. Node i stores XTQi where Qi is a B×α coding
matrix. Each matrix Qi can be viewed as α column vectors
corresponding to α encoded fragments stored in each node.
Thus, the code is completely determined by Q1, Q2, · · · , Qn.
For convenience, we call it “code Q1, Q2, · · · , Qn” in the
following.

The asymmetric regenerating codes should possess data-
reconstruction and regeneration properties [10]. Then, the two
properties are presented as follows.



1) Data-Reconstruction Property: We first introduce the
definition of rank test [17] to formulate data-reconstruction
property in a simple manner. Then, the full rank condition
is represented in a determinant form, which will be used to
prove the existence of asymmetric regenerating codes in the
following subsection.

Definition 1 (Rank Test). The code Q1,· · ·, Qn defined in the
field F is said to pass the rank test by a test vector h =
(h1,· · ·, hn) if

rank([Q1Eh1 ,· · ·, QnEhn ])=B,

where QiEhi represents the first hi columns of the matrix Qi.
For simplicity, we say “the code passes h”.

From the above definition, it can be seen that if the
code passes h, the matrix [Q1Eh1 ,· · ·, QnEhn ] has full rank.
Therefore, the following result is obtained.

Corollary 1. The code Q1,· · ·, Qn passes h=(h1,· · ·, hn) is
equivalent to

det([Q1Eh1 ,· · ·, QnEhn ]D) ̸=0,

where D is of size ∑n
i=1 hi×B satisfying rank(D)=

∑n
i=1 hi.

Then, the data-reconstruction property can be formulated.

Property 1 (Data-Reconstruction). The code Q1,· · ·, Qn is
said to have the data-reconstruction property if it passes the
rank tests by any vector in the following set:

H , {h|h is a permutation of h(0)},
where

h(0) , (α,· · ·, α,︸ ︷︷ ︸
k

0,· · ·, 0︸ ︷︷ ︸
n−k

).

2) Regeneration Property: Whenever a node fails, the new-
comer should join in the system to regenerate the data stored
in the failed node to maintain the same level of reliability.

Recall that, in our heterogeneous system, all the n nodes
are classified into m sets X1, X2, · · · , Xm. Suppose the
node f1∈Xµ (µ=1, 2,· · · ,m) fails. To complete the repair, a
newcomer joins in the system and downloads βµ bits each
from dµ helper nodes, which are denoted by f2,· · · ,fdµ+1.
Then the newcomer computes α encoded fragments from the
downloaded dµβµ encoded fragments, and stores them. This
repair process can be formally described as follows.

Property 2 (Regeneration). The code Q1,· · ·, Qn is said to
have the regeneration property if the failed node f1∈Xµ can
be replaced by a new node f ′

1, whose coding matrix can be
described by

Qf ′
1
= [Qf2Bf2 , · · · , Qfdµ+1Bfdµ+1 ]Zµ, (6)

where f1,· · · , fn denotes a permutation of 1,· · · , n, Bi is a
matrix of size α×βµ and Zµ is of size dµβµ×α.

That is to say, the newcomer downloads βµ fragments
denoted by XTQiBi from node i, and then, Zµ conducts a
linear transformation to the dµβµ downloaded fragments.

B. The Lower Bound of the Finite Field Size

To derive the lower bound of the finite field size, we prove
the existence of asymmetric regenerating codes on the basis
of Property 1 and Property 2.

We begin with the following two lemmas, which will both
be used to prove the codes existence.

Lemma 2. Given the code Q1,· · ·, Qn satisfying the data-
reconstruction property, for any permutation of the n nodes
denoted by t1,· · ·, tn, one can select α vectors from each
coding matrix of t1,· · ·, tk−1 and α vectors from the total
coding matrix of tk,· · ·, tn such that the rank of the resulting
set consisting of (k−1)α+α=kα vectors equals B.

The following lemma [17] is commonly used to determine
whether a polynomial is the 0-polynomial.

Lemma 3 (Schwartz-Zippel Lemma). Let Q ∈ F[x1, · · · , xn]
be a non-zero polynomial of total degree d0 over a field F.
Suppose S be a finite set of F and let r1, · · · , rn be selected
at random independently and uniformly from S. Then

Pr[Q(r1, · · · , rn) = 0] ≤ d0
|S| ,

where the total degree of a polynomial means the maximum
degree of all terms, and the degree of each term means the
sum of exponents of the variables in the polynomial.

Then the lower bound of the finite field size to construct
asymmetric regenerating codes can be derived.

Theorem 2. For any (n, k, dµ, |Xµ|, α, γ) asymmetric regen-
eration, if the size of finite field F is greater than

d0 = max

{(
nα

B

)
B,

(
n− 1

k − 1

)
α2

}
, (7)

there exists linear asymmetric regenerating codes over field
F, satisfying the data-reconstruction property at any time,
regardless of how many failures the system suffers from.

C. A Linear Construction

In the above subsection, the lower bound of the finite
field size to construct asymmetric regenerating codes has
been derived in heterogeneous systems. Here, we present a
linear code construction, which can both satisfy functionally
asymmetric regeneration and data-reconstruction properties.

The procedure to construct asymmetric regenerating codes
is presented deterministically as follows.

Initalization: Some existing methods are used to construct
the codes satisfying the data-reconstruction property, e.g., by
applying the polynomial time algorithms [18].

Step 1: Upon an individual node fails, the information
stored in the failed node is viewed as zero and a new
replacement node is added to the system.

Step 2: Determining the set of helper nodes and the amount
of information downloaded from each helper node based on
network structures and traffic limitations, respectively.

Step 3: The new node stores linear combinations of the
encoded fragments received from helper nodes. Regard the



coefficients of linear combinations as unknowns, and execute
the former polynomial time algorithms to determine the un-
known coefficients. Thus, the data stored in the new node is
determined.

Note that the procedure can be repetitively utilized if there
are multiple failures in a heterogeneous distributed storage
system, by repeating above repair steps. On the other hand,
code constructions under exactly asymmetric regeneration are
challenging and need further discussions.

V. COMPARISONS

In this section, asymmetric regenerating codes are compared
with other storage strategies for distributed storage systems.
For simplicity of representation, we consider there are only
two types of nodes in a heterogeneous system.

A. A Brief Summary

We begin with a brief summary on the storage capacity
and repair bandwidth for a single-node repair of some existing
storage strategies to maintain a file of size B, which is divided
into k fragments in distributed storage systems.

1) Replication: If r replicas of the file are stored, the total
storage capacity is r·B and the single-node storage is B/k.
A new fragment can be directly copied from other surviving
node. Hence the repair bandwidth of replication is B/k.

2) RS: Reed-Solomon (RS) Codes are a conventional kind of
erasure codes, whose single-node storage is B/k. The repair
bandwidth of RS codes equals the original file size B.

3) IEC: For comparison, assume the existence of Ideal
Erasure Codes (IEC) [7], which can generate a new encoded
fragment “magically” by transferring just B/k bytes. The
single-node storage and repair bandwidth of IEC are both B/k.

4) MSR: If there are d helper nodes, the repair bandwidth
of minimum storage regenerating (MSR) codes is Bd

k(d−k+1) ,
and the single-node storage capacity is B/k.

5) MBR: From [7], the single-node storage and repair
bandwidth of minimum bandwidth regenerating (MBR) codes
are both equal to 2Bd

2kd−k2+k .
Some observations for the above comparison are as follows.
• RS codes provide higher reliability than replication for

the same level of redundancy to store data in distributed
storage systems, yet with k times bandwidth overhead.

• Compared to RS codes, MSR codes allow a newcomer
to access more than k nodes, thus the repair bandwidth
can be reduced significantly.

• Similar to replication, the storage capacity and repair
bandwidth of MBR codes are equal, which incurs no
bandwidth expansion. However, MBR codes have better
storage efficiency than replication.

Above all, the two kinds of regenerating codes (MSR and
MBR) have the best performance among all storage strategies
excluding IEC (the existence of IEC cannot be guaranted)
in terms of storage capacity and repair bandwidth. To show
the benefit of asymmetric regenerating codes, the comparisons
between MSAR and MSR codes, MBAR and MBR codes are
presented in the following two subsections, respectively.

B. Comparison between MSAR and MSR Codes

When there are two kinds of nodes in heterogeneous
distributed storage systems, the storage capacity and repair
bandwidth of MSAR codes are

αMSAR =
B

k
, (8)

and
γMSAR =

Bd2
k(d2 − k + 1)

. (9)

Compared (1) with (8) (9), MSAR and MSR codes have
the same storage capacity but differ in single-node repair
bandwidth. To make the comparison of repair bandwidth
easier, the repair bandwidth ratio ρs is defined as follows:

ρs ,
γMSAR

γMSR
=

d2k(d− k + 1)

dk(d2 − k + 1)
.

Note that for k ≥ 1, if d2 ≥ d, we have
d2

d2 − k + 1
≤ d

d− k + 1
.

Hence the ratio ρs is not larger than one if satisfying
d2 ≥ d, (10)

which means MSAR codes can provide a lower repair band-
width as compared to MSR codes for a same storage capacity.

C. Comparison between MBAR and MBR Codes

When there are two kinds of nodes in a heterogeneous
system, the storage and repair bandwidth of MBAR codes are

αMBAR = γMBAR

=
2d1B

d1(|X2| − |X1|) 2d2−2k+1+|X2|−3|X1|
d2

+ |X1|(2d1 − |X1|+ 1)
.

(11)
From (2) and (11), we can see that the storage capacity

equals repair bandwidth for both MBAR and MBR codes.
Thus, we only need to consider the comparison of the repair
bandwidth.

From equation (11), to make a clear comparison, we con-
sider the MBAR codes in the case of d2 = 2d1, |X2| = 3|X1|.
Then, αMBAR and γMBAR are

αMBAR = γMBAR =
2d1B

2|X1|(d1 + d2 − k + 1)− |X1|2
.

Similarly, the repair bandwidth ratio ρb is defined as:

ρb , γMBAR

γMBR
=

d1
d

2kd− k2 + k

2|X1|(d1 + d2 − k)− |X1|2 + 2|X1|
.

We can see that, ρb is smaller than 1 if satisfying
d1 ≤ d, |X1| < k < 2|X1|, kd ≤ |X1|(d1 + d2 − k). (12)

Thus, if constraints (12) are satisfied, MBAR codes have
both a lower storage and bandwidth compared to MBR codes.

D. Numerical Results

In the above two subsections, we make comparisons be-
tween MSAR codes and MSR codes, MBAR codes and MBR
codes, respectively. Meanwhile, it is shown that MSAR codes
and MBAR codes both have lower repair bandwidth with some
parameters constraints. In this subsection, the numerical results
of the repair bandwidth versus k are preaented.
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Fig. 4. Repair bandwidth (in percentage of B) for |X1| = 4, |X2| = 13
versus k for repairing a single-node failure.

We set n=17, d=d2=16, d1=14, |X1|=4 and |X2|=13. Fig.
4 depicts the repair bandwidth of IEC, regenerating codes and
asymmetric regenerating codes versus the value of k in terms
of the percentage of the original file size. Note that the given
parameters satisfy d = n−1 when the bandwidth of MSR and
MBR codes both achieve the minimum values.

From Fig. 4, the repair bandwidth of MSAR codes is always
equal to that of MSR codes since d=d2=16. MBAR codes
have lower bandwidth than IEC in some cases (e.g., k=5, 6).
Meanwhile, the repair bandwidth of MBAR codes is lower
than that of MBR codes for k=5, 6, 7 (e.g., by up to 36.2%
when k=5). And the difference between MBAR codes and
MBR codes decreases as k increases for 5 ≤ k ≤ 8. MBAR
codes also have lower bandwidth than IEC in some cases (e.g.,
k=5, 6). When k ≥ 8, the repair bandwidth of MBAR codes is
greater than that of MBR codes (e.g., by 32.4% when k=10).
Besides, the difference between MBAR codes and MBR codes
increases as k increases for k ≥ 8.

E. Qualitative Analysis
In this subsection, we qualitatively discuss the advantages

and disadvantages of asymmetric regenerating codes compared
to previous storage strategies for distributed storage systems.

From the results in above subsections, asymmetric regener-
ating codes can not only be adopted in heterogeneous systems,
but also reduce the repair bandwidth compared to other
storage strategies under condontions (10) (12). The reduction
of bandwidth is mainly from various repair conditions of each
storage node, which is at the cost of the code construction
complexity. From Fig. 4, we can see that the repair bandwidth
is reduced significantly in asymmetric regenerating codes. The
repair bandwidth of MBAR codes is lower than that of MBR
codes by up to 36.2%.

However, if the constraints are not satisfied, the repair
bandwidth of asymmetric regenerating codes may be larger
than previous regenerating codes such as some cases in Fig.
4 (e.g., k=8, 9, 10), which is mainly caused by the decrease
of repair degree in heterogeneous systems. Besides, the asym-
metric design of asymmetric regenerating codes increases the
construction complexity. A linear code construction is present-
ed in Section IV, which can achieve functionally asymmetric
regeneration.

VI. CONCLUSIONS

In this paper, we propose asymmetric regenerating codes
for heterogeneous distributed storage systems, which can be
applied to various network structures and network traffic
environments. By analyzing the cut-set bound of the in-
formation flow graph, the optimal tradeoff between storage

capacity and repair bandwidth is derived, and two special
cases of asymmetric regenerating codes are obtained, which
correspond to the minimum storage and the minimum repair
bandwidth, respectively. Further, we prove the existence of
the asymmetric regenerating code constructions and present a
linear construction. Compared with existing storage strategies,
asymmetric regenerating codes are shown to have a lower
repair bandwidth in certain ranges. We mainly discuss the case
of two types of nodes in a heterogeneous distributed storage
system. There are many issues remained to be addressed for
asymmetric regenerating codes. The explicit code construc-
tion under exactly asymmetric regeneration is an interesting
future work. Another future work is to consider regenerating
codes in cognitive networks [19] or mobile networks [20] for
heterogeneous distributed storage systems.
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APPENDIX A
Proof sketch of Lemma 1: (Information flow graph)
In information flow graph, the code repair problem can be

mapped to a multicasting problem. From the results in [16], on
one hand, no data collector DC can reconstruct the original file
of size B if the min-cut of G separating the source node S and
data collector node DC is smaller than B. On the other hand,
if the min-cut separating S and DC is not less than the original
file size B, there exists a linear network code defined over a
finite field that all data collectors can reconstruct the original
file with probability approaching one by increasing the field
size. Therefore, to prove Lemma 1, we need to prove that the
smallest min-cut value (where the minimization is taken over
all data collectors and all possible information flow graphs) is
the following:

|X1|−1∑
j=0

W1,j+

|X1|+|X2|−1∑
j=|X1|

W2,j+· · ·+
k−1∑

j=|X1|+···+|Xi|

Wi+1,j , (13)

where
Wp,j = max {0,min {(dp − j)βp, α}}, p=1, 2,· · ·, i+1.

One can observe that the min-cut will increase with dp.
Therefore, the min-cut will involve the nodes with the smallest
dp. As d1<d2<· · ·<dm ≤n− 1, we have (13).

APPENDIX B
Proof of Theorem 1:
We first illustrate the notations in Theorem 1 as follows:
• |Xt+1|∗ , |Xt+1|−|X0|−· · ·−|Xt|, for t = 0, 1, · · · , i.

• Fp ,
∑p−2

t=0 |Xt+1|∗, for p = 1, 2, · · · , i+2.

• φp , 2|Xp| , for p = 0, 1, · · · , i.

• φi+1 , |Xi+1|+ k.

• gp(a, c) , 2(dp−φp+|Xp|∗+1)+c
2dp

(c− a+ 1).

• Gp ,
∑i−1

t=p gt+1(|Xt+1| − |Xt+1|∗ − 1, |Xt+1| − 1)
+gi+1(|Xi+1|∗ − |Xi+1|+ 1, k − 1).

• H(p, q) , B/[(1− φp−|Xp|∗−q
|Xp| )(|Xp| − q + Fp) +Gp

+gp(|Xp| − |Xp|∗ − 1, q − 1)].

Then considering the form of (7) is too complex to be used,
we make following simplifications:

• |X0| = 0.
• dp ≥ |X0|+ · · ·+ |Xp|, for p = 1, 2, · · · , i.
• dp+1(|X0|+ · · ·+ |Xp|− 1) ≤ dp(|X0|+ · · ·+ |Xp|), for

p = 1, 2, · · · , i.
• di+1 > k.

Then, inequation (7) in Lemma 1 can be transformed into
i∑

p=1

|Xp|−1∑
j=|X0|+···+|Xp−1|

min{(dp − j)βp, α}

+

k−1∑
j=|X0|+···+|Xi|

min{(di+1 − j)βi+1, α} ≥ B.

(14)

For a fixed repair bandwidth γ, the minimal storage capacity
α can be derived from (14) as follows:

α∗ ,minα

s.t.

i∑
p=1

|Xp|−1∑
j=|X0|+···+|Xp−1|

min

{
(1− j

dp
)γ, α

}

+

k−1∑
j=|X0|+···+|Xi|

min

{
(1− j

di+1
)γ, α

}
≥ B.

(15)

To simplify notation, we introduce

bp,j ,
(
1− ωp − j

dp

)
γ,

where
ωp = φp − |Xp|∗ − 1, p = 1, 2, · · · , i+1.

Then the constraint in the optimization problem (15) can be
represented as

i∑
p=1

|Xp|−1∑
j=|X0|+···+|Xp−1|

min{bp,j , α}

+

k−1∑
j=|X0|+···+|Xi|

min{bi+1,j , α} ≥ B.

(16)

By analyzing the monotonicity of bp+1,j , we have

bi+1,|X0|+···+|Xi| ≤ · · · ≤ bi+1,k−1 ≤ · · · ≤ bp,|X0|+···+|Xp−1|

≤ · · · ≤ bp,|Xp|−1 ≤ · · · ≤ b1,|X0| ≤ · · · ≤ b1,|X1|−1.

Thus, the left hand size of inequation (16) is a strictly
increasing function of α, which is expressed as C(α).

From the expression of bp,j , we have
c∑

j=a

bp,j = γ(c− a+ 1)
2(dp − φp + |Xp|∗ + 1) + c

2dp

, γgp(a, c).

Then, if
k−1∑

j=|X0|+···+|Xi|

bi+1,j + · · ·+
|X1|−1∑
j=|X0|

b1,j ≥ B,

we have α∗ = C−1(B):

α∗ =
B − γ[Gp + gp(|Xp|∗ − |Xp|+ q, q)]

|Xp| − q + Fp
,

B ∈
(

γB

H(p, q − 1)
,

γB

H(p, q)

]
.

Finally, the expression of α∗(n, k, dµ, |Xµ|, γ) can be ob-
tained as shown in Theorem 1.


