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Abstract—Online learning algorithms provide robust
performance in caching problems but require substantial
memory to store per-file historical data, limiting their
scalability to large-catalog systems. To overcome this chal-
lenge, we propose a dimensionality reduction algorithm
based on the Follow-the-Perturbed-Leader framework and
the Johnson-Lindenstrauss lemma. Our method signif-
icantly reduces memory consumption while preserving
sublinear regret, making it well-suited for caching under
resource constraints. Experiments on both synthetic and
real-world traces demonstrate its advantages over other
memory-efficient approaches.

Index Terms—caching, regret, Follow-the-Perturbed-
Leader, Johnson-Lindenstrauss lemma.

I. INTRODUCTION

Caching plays a crucial role in optimizing content
delivery by temporarily storing files for faster retrieval
[1]. In some applications, content catalogs expand to
billions of files, posing significant challenges for cache
management [2]. In Content Delivery Networks, this
problem can be exacerbated as large files are often
split into multiple chunks for efficient caching [3].
Addressing these challenges is key to improving caching
efficiency.

The core of caching lies in determining which items
should be stored, for how long, and when should they
be replaced. For this type of problem, classic caching
policies such as Least Frequently Used (LFU) and Least
Recently Used (LRU) have been proposed and remain
widely used today. LFU prioritizes file retention based
on access frequency, while LRU operates by evicting the
least recently accessed files [4]. For different caching
policies/algorithms, we can compare their performance
by the regret, which is the difference of the cost between
them and the optimal static strategy cost. Considering an
adversary, which models the worst-case request pattern,
both LFU and LRU exhibit a regret of (T, indicating
that their performance can degrade significantly under
request patterns lacking statistical regularity [5]. This
suggests that these classical policies may be subopti-
mal in environments where robustness to arbitrary or
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adversarial request sequences is required, highlighting
the need for caching policies that perform well under
diverse and potentially unpredictable access patterns.

To achieve robust performance without relying on
assumptions about request patterns, online caching al-
gorithms based on Online Linear Optimization (OLO)
have been proposed [6]. These algorithms aim to mini-
mize regret, ensuring that over a sufficiently long time
horizon, their time-average regret approaches zero, a
property known as no-regret learning. A prominent
example is the caching algorithm based on Online
Gradient Ascent (OGA), which achieves a sublinear
regret of O(v/T) [6]. Additionally, online learning
approaches such as Follow-the-Leader (FTL) have been
widely applied to caching problems. Variants such as
Follow-the-Regularized-Leader (FTRL) and Follow-the-
Perturbed-Leader (FTPL) enhance stability over FTL
[7], [8]: FTRL adds a regularization term to smooth
updates, while FTPL introduces a perturbation term to
incorporate randomness.

Although online caching algorithms guarantee sub-
linear regret compared to classic policies, they often
require significant memory. Specifically, traditional on-
line caching algorithms must store per-file historical
data, causing their memory requirements to scale with
the catalog size, N. When N is large, these methods
may become impractical due to memory constraints. In
contrast, caching algorithms like LRU and TinyLFU [9]
operate with minimal memory but suffer from linear
regret. To the best of our knowledge, the only attempt to
reduce the memory requirements of online caching algo-
rithms is [10], which proposes an FTPL-based caching
policy that processes only a subset of the request stream.

Our objective in this paper is to propose an online
caching algorithm that achieves both sublinear regret
and a reduced memory footprint. A classic approach to
dimensionality reduction is based on a result by Johnson
and Lindenstrauss [11], which shows that points in
an Euclidean space can be projected into a lower-
dimensional subspace while approximately preserving
pairwise distances. This result is widely known in the
literature as the Johnson-Lindenstrauss (JL) lemma,
e.g., [12]. Our contributions in this paper are as follows:

¢ We propose an algorithm, FTPL-JL, that combines
FTPL with the JL lemma for dimensionality reduc-
tion to reduce memory usage.
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o We prove that FTPL-JL achieves sublinear regret.

o We evaluate FTPL-JL experimentally on both syn-
thetic and real-world traces and show that it outper-
forms the approach in [10], which also enjoys re-
gret guarantees, while remaining competitive with
other memory-efficient algorithms that do not pro-
vide regret guarantees like TinyLFU.

In the following, we introduce the problem we con-
sider in Section II and elaborate on our algorithm in
Section III. We analyze its theoretical guarantees in
Section IV, and experimentally evaluate its performance
against other caching algorithms in Section V. Finally,
we conclude our paper in Section VL

II. PROBLEM DESCRIPTION AND BACKGROUND

We consider a single-cache problem where there are
N possible files and the cache has a limited capacity C'.
Following the usual convention in the online learning
literature, we consider a time horizon 7. For caching
policies, one may consider that a cost is incurred
whenever a requested file is not present in the cache,
or alternatively that a reward is accrued when the cache
is storing the requested file. We now introduce the main
definitions and notations that we use.

Request. Let g; be the index of the file requested at time
t, g € [N] £ {1,..., N}. It is helpful to represent the
request by a vector 7, € {0,1}", such that all entries
are 0 except for the g;-th entry, which is 1, in other
words 14 4, = 1.

Popularity. It is represented by the vector n; that keeps
track of the number of requests for each of the N files.
Popularity in this case is updated as follows:

nNg=mny_1+7T¢ . (D

Popularity estimate. We consider that the popularity
vector may not be known exactly, but an estimate of it is
available. Let 7 € RY denote the estimated popularity.
Cache State. Let C; C [N] be the index set of files
cached at time ¢, then |C;| < C. At request time ¢, the
caching algorithm decides whether the newly requested
file should be cached based on the estimated popularity
n. A feasible cache state can be expressed as:

St:{(gT:ﬁT7gr)|gT ect7 0<7—St}7 (2)

where 7 4 is g-’s estimated popularity at time 7.
Decision. At each step ¢, the online caching algorithm
decides which files should be in cache. Let x; €
{0,1}" be the decision, and X be the feasible decision
set. We must have ||a;||; = C for any t.

Reward. For each new request, the system provides a
reward when the requested file is in the cache. Formally,
the one-step reward can be defined as the scalar product

New request for file i
N
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Fig. 1: Workflow of FTPL and FTPL-JL

of the decision x; and the request r;, namely,

N
reward;(x;) = (xs, 7¢) éz Ty T =g, €{0,1}.

i=1

3)
Regret. In the context of online algorithms, regret
is a measure of the performance gap between the
algorithm’s decisions and the optimal static decision.
Formally, for a sequence of decisions in 7' rounds, the
regret is defined as the difference between the accumu-
lated reward obtained by the optimal static policy and
that of the online algorithm [8]. The regret can then be
expressed as:

T T
R = d — d
T Imnea))((z_;rewar +(x) 75Z;rewar ()
(3),(1) =
=" max(z,nr) - ;m,m : “

The goal of the online algorithm is to minimize Ry in
expectation, ensuring that its performance approaches
that of the optimal static strategy as 7' increases. Here,
the optimal static strategy refers to the best fixed deci-
sion, that would have minimized cumulative regret over
the entire time horizon.
FTPL is a well-known online learning approach that
introduces random perturbations to balance exploration
and exploitation. It makes decisions iteratively based
on historical requests in order to reduce the cumulative
cost. By introducing noise into the decision making pro-
cess, it facilitates exploration and helps reduce excessive
dependence on past information. The decision of FTPL
can be defined as:

Vt, ;= argmax (x,n;_1 + 1Y) (5)

xeX

where 7 is the learning rate and - is a random noise
vector.

Although FTPL has a sublinear regret guarantee,
which makes it more robust, its memory footprint is
Nlog, T + O(C) as historical requests accumulate
gradually. If we face a large N, this can lead to a lot
of memory usage. Noisy Follow-the-Perturbed-Leader
(NFPL) was proposed in [10] to address this issue.
NFPL reduces memory usage by sampling requests,
making it more efficient while maintaining competi-
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tive performance and sublinear regret. The maximum
memory required to store all N approximate counts is
N log,(pT), where p is the request sampling rate.

If only memory usage is a concern, an efficient
caching algorithm like TinyLFU [9] can be considered,
although it lacks regret guarantees. TinyLFU efficiently
tracks file frequencies using a compact, approximate
counting structure, typically implemented via a Count-
ing Bloom Filter (CBF) whose memory footprint is
wlog, (T) where w is the size of CBF.

In the next section, we introduce FTPL-JL, a variant
of FTPL that uses the JL lemma, to implement an
online caching algorithm with regret guarantee using
less memory.

III. THE FTPL-JL ALGORITHM

FTPL-JL builds upon the JL lemma [11] to reduce the
memory footprint. The JL lemma provides conditions
under which points in RY can be projected in the
lower-dimensional space R* (k < N) while keeping
the distances between any pair of points within a multi-
plicative error e. While algorithms like FTPL store and
update the N-dimensional popularity vector n; as in (1),
FTPL-JL stores and updates a k-dimensional vector y,
which is the compressed representation of the popularity
vector, as we illustrate in Fig. 1. As we show later, it
is still possible to estimate the popularities from the
compressed vector y;,.

For completeness, we provide the statement of the JL
lemma, following [12, Lem. 1.1].

Lemma 1. (Johnson-Lindenstrauss Lemma) Given 0 <
€ < 1 and any integer !, let k be a positive integer such
that k > O(e=21n{). For every set A of { points in RN
there exists f : RN — R¥ such that for all u,v € A

(1=6) [lu— v < [l f(w) = f@)[" < (1+€) [[u — v||*.

Interestingly, linear operators of the form h(x) = I1x
satisfy the JL-condition with high probability for suit-
able choices of the random matrix II, as shown in [12,
Thm. 1.1]. We provide a concise statement of this result.

Theorem 1. Given 0 < ¢ < 1, § > 0 and any integer
¢, let k be a positive integer such that:

L 4+ 203
~€2/2—-€3/3

Let II be a k x N random matrix whose entries are
chosen as follows:

In/. (6)

+1  with probability %,

Vi, Vg, I;; =<0 with probability %, 7
—1  with probability %.
Let h : RY — R¥ such that h(z) = |/3Ile € R*

for € € RN, For every set A of { points in RN and

for all w,v € A, with probability at least 1 — (~?, the
following holds:

(1=6) u —o* < A(w) = h(®)|* < (1+6) fu — o]

Thanks to Theorem 1, we keep track of the popularity
of requested files through a compressed k-dimensional
vector y = IIn which is updated as follows (see Fig. 1):

®)

where II,, is the g;-th column of matrix II. In prac-
tice, storing the entire matrix II is unnecessary, as
its columns II;, can be generated on demand using
a (pseudo)random number generator initialized with a
seed derived from the requested file index via a hash
function. A similar approach can be applied to the
generation of noise vector, thereby further reducing
memory requirements. The total memory cost is then
limited to storing the k-dimensional vector y,, which is
a vector of integer numbers. Moreover, we observe that
E[IL;] = Ely,] = 0, then the integer values in y, are
likely to be small and then require a small number of
bits. In addition, we can also use y, to obtain unbiased
estimates of the popularity for all requested files, as
explained below.

Y=Y +1Iry =y, ; + 11, ,

Proposition 1. Given the compressed vector y,, we can
obtain an unbiased estimation of the file g; popularity
as follows:
o 3llyl13 = Bllyea 3 — K
t,gr — 2]€ )

(€))

with ]E[TALt’gt] = Nt gy - (10)

Proof. We know from [12, §4.1] that E [2||y,|[3] =
|[r¢||3. For file i requested at time t, we take the
expectation of (9) and readily write

1
= 5 (I3 = lIne-a1i3 ~ 1)

1
=3 ((nt—l,vt +1)2—ni ;- 1) =Ny -

Thereby, our estimation of popularity is unbiased. [

E A,

The decision of FTPL-JL is (see (5) for comparison):

Vt, ;= argmax (@, N1 + 1Y) . (11)

reX

Algorithm 1 introduces the details on how to reduce
memory usage in the caching problem. Firstly, we need
to generate a matrix of size k X N composed of random
numbers according to a specific distribution (7) and
generate a noise vector of length N (line 1). For our
cache, it is initially allocated to the files have the largest
noise (line 2). Upon receiving a request at time ¢ (line 4),
we first save the reduced-dimension vector of popularity
y for later use (line 5) and then update it by adding to
it the random vector II,, (line 6). Then, we estimate
the popularity of the requested file g, by taking the
difference between the L2 norms of the current and
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Algorithm 1  Follow-the-Perturbed-Leader
Johnson-Lindenstrauss lemma (FTPL-JL)

Require: Cache capacity C, request g; at time ¢, num-
ber of files N, lower dimension k, learning rate 7,
time horizon 7', cache state S, noise parameter \.
Define S[g;| = 74, , and argmin, S = g,,, where
Mg, < Slgr], Ve g, € 8.

1: Generate IT (7), exponential noise vector = with
A =1, and learning rate n = \/T/(C(1 + In N)).

2y =0,8 = {(¢; : m)}, where {g;} is top-C
indices with largest n;.

3: fort =1to T do

4 User requests a file g;

S: Yy =y

6: y =y + Il

7.

8

9

with

fue,g, = 5 (3llyl3 = 3lly~[13 - %)
if |S| < C then
: S := S U{(ge : g, +17g,)}
10: else if g, in S then

11: Slge] 1= fre,g, + 174,

12: else if 7, 4,+17,4, >min{S[g,],Vg, € S} then
13: S =8\ {(g, = argmin, S : S[g,])}

14: S:=8Su {(gt : ﬁt,gt + 77791,)}

15: end if

16: end for

previous reduced-dimension vectors (line 7). If there is
space in cache, then we store in cache the requested
file (lines 8-9). If the cache is full and the file is
already cached, then we update its value with the latest
estimated popularity (lines 10-11). Otherwise, we need
to determine whether the file should be cached: if its
estimated popularity (plus noise) is greater than the
minimum popularity recorded in the cache, we replace
the least popular file in cache with the requested file
(lines 12—14). Files that are not in cache and whose
estimated popularity (plus noise) is smaller than that of
cached files should not be cached, and we do not update
the cache content when such files are requested (line
15). After completing the above steps, the algorithm
goes to the next time step. Observe that the estimate
of a file’s popularity is only updated when the file
is requested. In other words, as long as a file is not
requested, its estimated popularity remains constant.
Recall from Prop. 1 that this estimate is unbiased.

To summarize, by using the JL lemma, the vectors
we store have a size k instead of size N and we get
unbiased estimates of the popularity of the requested
files. In particular, over 1" requests, FTPL-JL requires
O(log,(T)) bits for each element of y, resulting in a
total memory requirement of ©(klog,(T)). Since the
expected value of each element in y is zero, its actual
memory usage may be much smaller in practice.

In the next section, we demonstrate that FTPL-JL
preserves the regret guarantees of FTPL.

IV. REGRET GUARANTEES EVALUATION

In this section, we discuss the performance analysis
of FTPL-JL and show that our algorithm can be used to
make effective caching decisions. But first, we examine
the following results that are helpful for our analysis.

Lemma 2. For noise vector =~ with each ~; ~
Exponential(\), and a vector € € X with X = {x €
{0,1}7] Zfil x; = C}, we have:

E{gleajf((w,'ﬁ] <{(1+InN). (12)

Proof. With the exponential noise <, we have [13]:

)]—i_i_#_’_ . +l
INIEE NN T IV DA )

< i(1+1N). (13)

E [max (v1,. ..

We know that Zf\il x; = C, which means we have:

E {ma;(c(m, 7)} <CE [max (71, ..,7n)] §§(1+ln N).

xE
(14
O

The next lemma specializes [14, Lemma 1.5] which
provides expressions for the first and second deriva-
tives of a stochastic smoothing of a convex function
with a distribution that has an exponential form and
a given scaling parameter. While these properties have
been proved in other papers, we state them here for
completeness.

Lemma 3. Consider the potential function ®(n) =
maXgzex (€, n) and its exponential smoothing:

d(n) £ E, {rmnea))(c (T, + 777)] , (15)

where 7y; ~ Exponential(\). ®(n) is a closed proper
convex function and ®(n) is convex in n. We have:

- A
Vo(n) = 5IE7 [®(n +ny)1], (16)
V2o(n) = %IE7 [Ve(n+ny)1"]. A7)

We now state our main result on the analysis of the
regret bound of FTPL-JL.

Theorem 2. Taking into account the estimated popu-
larity vector Ti, whose elements are obtained in (9), the
expected regret of FTPL-JL over random noise ~ and
estimated popularity v satisfies the following upper-
bound:

Eﬁ,»y [RT] S vV 20(1 +11’1N)T .

We obtain this result by following the steps in [15]
and using Lemmas 2 and 3 (see Appendix A).

(18)
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Consistently with other works [10], [16], our regret
analysis considers in (18) the expectation over all ran-
dom values. The bound expressed in Theorem 2 is
insensitive to the value of k as if one could reduce
the popularity vector to an arbitrarily low dimension.
This, of course, must be avoided, as too small values
of k& would force the projection accuracy parameter € to
be prohibitively large (see 6). Although our popularity
estimation depends on k (see (9)), by taking in (18) the
expectation of the regret in particular over the popularity
estimation, the reliance on k& vanishes because the unbi-
ased property of our estimates always holds regardless
of k; see Prop. 1.

For these reasons, we consider in the following
analysis the regret conditioned on a fixed realization
of the projection matrix II. That is, we only take the
expectation over the noise in the system, allowing for
a more precise characterization of the regret behavior
under a given dimensionality reduction matrix.

Theorem 3. With a given matrix II, which yields an
estimated popularity T, at each time t, the regret bound
of FTPL-JL is as follows:

C A — R
E.ja[Rd] <”7<1+1nN>+%Z<1+||nt71—nt71||1>2
= (19)

We obtain the above result by the steps similar to [17,
Thm. 3] (see Appendix B).

We observe from Theorem 3 that if our popularity
estimate is close enough to the true value (meaning
if the estimate is consistent) and if we set n =
M/T/(2C(1 +1In N)), then the bound (19) is essen-
tially the same as in Theorem 2. We know from (9)
that the estimation accuracy depends on the following
difference:

N 2 2
i =m0 Yl =5 [ye-illo=lImall3+ a3

= (3 1mr 3 + ¢ (Mny -y, 1Iny))
= (Irell3 + 2(ne1,m0))

According to the JL lemma, the first line of (20) is
within a multiplicative error of the equivalent expression
prior to the projection. Thereby, the difference between
7, and n; ; depends on € and so does the bound in (19).
This indicates that, in practice, we need to trade memory
saving for regret bound, as a lower k leads to a larger
€ and consequently a larger regret bound.

(20)

V. EXPERIMENTS

In this section, we compare FTPL-JL with other
caching policies, using both synthetic and real-world
traces. Specifically, we divide the experiments and com-
parisons into three parts. In the first part, we compare
the average reward of FTPL-JL and other memory-
efficient caching policies like NFPL and TinyLFU

TABLE I: Trace description

Trace (T" = 10, 000) Number of files requested
Zipf (o = 1.0) [19] 2813
Round-robin 5 x [1,2000] [10] 2000
Akamai [20] 995
Glimpse [21] 2668
Movie [22] 488
Malware [23] 5744
Round-robin
30000 - 2000
x x
3 20000 A g
£ £ 1000
£ 10000 1 g
0 0/ . .
0 5000 10000 0 5000 10000
Time Step Time Step
Akamai Glimpse
1000 {7
3 3 2000
e [ ke
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] © 1000 1
0 0! . .
0 5000 10000 0 5000 10000
Time Step Time Step
Movie Malware
6000
400
3 & 4000
£ £
© 2007 © 2000
04 T T T 0+ T T T
0 5000 10000 0 5000 10000
Time Step Time Step

Fig. 2: Requests of the dataset

across different traces. Then we analyze the impact
of memory on performance by plotting memory-cost
curves. Finally, in the third part, we compare FTPL-JL
with an even larger set of caching policies including
LRU and SIEVE [18].

Traces: We employ multiple traces to evaluate system
performance. For the Zipf trace, we set the parameter
a = 1.0 and possible catalog size N = 10* [19]. For the
Round-robin trace, we generate a trace that iterates cycli-
cally in the range [1,2000] [10]. We include diverse real-
world traces, including Akamai trace (requests for objects
in Akamai CDN [20]), Glimpse trace (requests for pages
in the Bible containing a given word [21]), Movie trace
(timestamped movie ratings [22]), and Malware trace
(IoT nodes contacted over time by malware, [23]).
These traces enable a comprehensive evaluation under
realistic workload conditions.

From Figure 2, we observe that requests in the Zipf
trace are concentrated on a subset of files, while other
files are only occasionally requested. In the Round-robin
trace, files are requested in a cyclic manner. Among
the real-world traces, the Akamai trace exhibits charac-
teristics similar to Zipf but with a smaller number of
unique files. The Glimpse trace follows a pattern similar
to Round-robin. The Movie trace reveals the introduction
of new files (movies) over time, with varying levels
of popularity. In the Malware trace, some IP addresses
appear recurrently and often in close-by time instants,
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TABLE II: Parameter setting for different algorithms

Memory m FTPL-JL k NFPL p TinyLFU w
og R
T/20) log, (T T/20 7095 T/20
o —o0.
T/5) log, (T T/5 708 T/5

while most are observed only once. For all traces, we
assume that requests originate from a catalog of size
N = 10,000 files. Table I provides the number of
unique files requested in each trace.

Cache setting: Unless otherwise specified, we con-
sider a cache that can store 100 files and a time horizon
of T'= N = 10,000. All caches are initially empty. The
learning rates of FTPL-JL and NFPL are set according
to theoretical guidelines to minimize the regret bound.

A. FTPL-JL vs. other memory-saving algorithms

In this section, we simulate FTPL-JL and compare it
with other memory-saving algorithms. The performance
of each algorithm is evaluated by comparing their
average rewards, calculated as follows:

t
avg-reward, = Z<T“ x;)/t.
i=1

2n

We observe that the average reward corresponds to the
cumulative average hit ratio up to time t.

We compare FTPL-JL with two other memory-
efficient policies: NFPL and TinyLFU. The memory re-
quirements of these policies are klog,(7T"), N log,(pT),
and wlog,(T'), respectively (see Section III for FTPL-
JL and Section II for NFPL and TinyLFU). All three
policies are configured under the same memory budget
m. Table II specifies how their respective parameters
k, p, and w should be set for two different values of
the memory m, corresponding to 5% and 20% of the
memory that the standard FTPL would use.

The results are shown in Figure 3. We observe that
on more stationary traces, such as Zipf and Akamai,
TinyLFU achieves the best performance due to its ability
to effectively leverage the stable distribution of requests.
FTPL-JL performs worse but still maintains compara-
ble performance and achieves a significant reward. As
expected, larger memory leads to better performance.
In contrast, NFPL, despite enjoying the same regret
guarantees as FTPL-JL, performs poorly. This is be-
cause the sampling ratio p, required to match the same
memory budget, is extremely small, causing NFPL to
sample only a few requests over the entire trace. In the
Movie trace, although new files appear over time, there
remains a clear subset of highly popular files that are
worth caching, leading to similar relative performance
of the three caching policies.

The Malware trace exhibits the same ranking of the
three policies but shows a different effect of mem-
ory. Notably, for TinyLFU and FTPL-JL, the reward
increases as memory decreases. For TinyLFU, this phe-
nomenon can be explained as follows: with very small

—e- FTPLJL m = J;log, (T)
—=— FTPLJL m =Tlog, (T)

—&- NFPLm=Jilog,; (T)  —%- TinyLFU m =J;log; ()

—+— NFPLm={log, (T) —e— TinyLFU m = {log, ()
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Fig. 3: Average reward

— FTPLJL  —-= NFPL - TinyLFU
- kel .
|3 |3 Round-robin
2 2 B
Q Q
-4 -4
G) G)
o o
o IS
$ g
< <
© 0.0 T T ©
£ 103 104 £

Memory Requirement Memory Requirement
el A he] .
4 Akamai 5 Glimpse
2 H 3
: 8 [T~
-4 4 -
9] 9] i J
g g 00z -
g g |7 Leneeeet
< < . :
= < 0.00 {=pesns 3 i
£ £ 103 104

Memory Requirement

Malware

o
w

=]
-
L s

0.21

Final Average Reward
Final Average Reward

Memory Requirement

Memory Requirement

Fig. 4: Reward vs. memory Curves. The final average
reward is the average reward over the whole horizon 7T'.

memory, TinyLFU behaves similarly to LRU,! allowing
it to exploit the temporal locality of this trace. The
behavior of FTPL-JL with small memory is more com-
plex, but we still observe that limited memory results in
noisier popularity estimates, leading to a behavior that
deviates further from LFU.

Results are markedly different for the Round-robin
trace. In this case, NFPL achieves the best performance:
due to its very low sampling rate, it stores a random
set of 100 files, attaining a reward of 0.01. Over time,
FTPL-JL reaches the same performance. Over a longer
time horizon, the rewards of both FTPL-JL and NFPL

Consider the extreme case when all files are hashed to the same
counters. Whatever file is requested at time ¢, its popularity is

estimated to be ¢t. The file is then inserted and the least recently
requested file (whose popularity is believed to be t — C) is evicted.
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B FTPLJL m = Jlog(T)
EZA FTPLJL m =Llog(T)

K1 NFPL m = Jilog(T)
E=1 NFPLm=Tlog(T)

Essd TinyLFU m=Jilog(T) EXX LRU
I TinyLFU m=Tlog(r) ~ EZ3 SIEVE
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Fig. 5: Final average reward: comparison of various caching policies with two memory settings

would increase as they correctly identify the requested
files. For a slightly longer time horizon, FTPL-JL would
outperform NFPL. TinyLFU achieves a lower reward
because, in the Round-robin trace, the most frequently
requested files are less likely to be requested again
in the near future. While LFU would obtain a null
reward—always storing the 100 most requested files,
none of which will be requested in the next timeslot—
TinyLFU performs slightly better due to estimation
errors introduced by its approximate counting structures.

The trace Glimpse leads to similar conclusion. As the
request pattern is not exactly periodic and some files
are requested more times than the others, TinyLFU
and FTPL-JL perform both better than in the Round-
robin trace and in particular FTPL-JL outperforms NFPL
already after the first 6000 requests.

B. Memory and performance curve

The experimental results in Figure 4 illustrate the
relationship between memory requirements and the per-
formance of three algorithms across different traces.

For Zipf, Akamai and Movie traces, FTPL-JL con-
sistently outperforms NFPL, and exhibits moderately
worse performance than TinyLFU. Rewards tend to
increase with memory for all three policies.

The other three traces illustrate different effects of
memory on the performance of the policies. In gen-
eral, increasing memory improves the performance of
NFPL. TinyLFU exhibits the most distinct behaviors.
As previously observed, TinyLFU tends to behave like
LRU for very small memory and like LFU for large
memory. Consequently, its reward decreases with in-
creasing memory in Malware, which exhibits higher
temporal locality. In Round-robin, both LRU and LFU are
suboptimal. However, for intermediate memory values,
TinyLFU manages to correctly identify the subset of re-
quested files while introducing sufficient noise to avoid
retaining only the most recently requested files. For
Glimpse, which has a similar request pattern but different
file popularities, more memory is always beneficial.

Across these three traces, FTPL-JL’s performance
is the least dependent on memory. Overall, there ap-
pears to be a slight trend toward increasing reward
as memory decreases, which can be attributed to the
benefits of greater exploration due to noisier estimates.

TABLE III: Performance in Glimpse with multi cache sizes

Cache size | FTPL-JL | NFPL | TinyLFU | LRU | SIEVE
1000 0.24 0.10 0.18 0.012 | 0.040
500 0.13 0.051 0.059 0.0 0.0
100 0.022 0.0097 | 0.0049 0.0 0.0
50 0.0098 | 0.0059 | 0.0018 0.0 0.0

For Round-robin and Glimpse FTPL-JL outperforms in
almost all cases both TinyLFU and NFPL. Overall,
FTPL-JL demonstrates consistently good performance
across a variety of request patterns, thanks to its regret
guarantees. While NFPL also enjoys sublinear regret
guarantees, its regret scales inversely with the request
sampling ratio [10, Corollary 2], resulting in very poor
performance when memory is highly constrained.

C. Other policies

Figure 5 compares the performance of the poli-
cies considered so far, along with two additional
ones: the widely used LRU and the recently proposed
SIEVE [18]. SIEVE is based on FIFO (First-In-First-
Out) and employs a queue and a pointer to track
cache data with access bits. It is characterized by
its straightforward mechanism of eviction based on
whether an object has been accessed, providing high
efficiency and scalability. Both LRU and SIEVE have
memory requirements on the order of C. In Figure 5,
the policies are divided into two groups: the four bars
on the left correspond to caching policies with regret
guarantees (FTPL-JL. and NFPL), while the four bars
on the right correspond to the other caching policies.
While TinyLFU with the largest memory performs best
on the Zipf, Akamai, and Movie traces, and LRU is the
best policy on Malware, FTPL-JL maintains consistently
good performance across all six traces and achieves the
best results on Round-robin and Glimpse, where LRU and
SIEVE perform particularly poorly. Compared to NFPL,
which also has regret guarantees, FTPL-JL outperforms
it under the same memory constraints in most situations.

We also analyze the performance of algorithms using
the Glimpse trace with varying cache sizes. For FTPL-
JL, NFPL, and TinyLFU, we fix the memory size
m = (T/5)logy(T) to simplify comparisons. The
results in Table III show that TinyLFU works better
with large caches, and FTPL-JL keeps the best average
reward with different cache sizes. At the same time,
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when the cache size is reduced from 1000 to 500, FTPL-
JL maintains its performance more robustly compared
to other algorithms, which experience a sharp decline.
This highlights the potential of FTPL-JL in resource-
constrained environments, such as limited memory or
cache.

VI. CONCLUSIONS

In this paper, we proposed a novel dimensionality
reduction algorithm for online caching, leveraging the
Follow-the-Perturbed-Leader (FTPL) framework in con-
junction with the Johnson-Lindenstrauss (JL) lemma.
Our approach effectively mitigates memory consump-
tion while preserving sublinear regret, thereby address-
ing a fundamental challenge in caching systems with
large catalogues. By conducting experiments on both
synthetic and real-world traces, we have demonstrated
that our proposed algorithm significantly reduces mem-
ory usage without compromising performance, high-
lighting its practical applicability in large-scale systems
with stringent resource constraints.
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APPENDIX

A. Proof of Theorem 2

Consider ®(n) £ maxgey(z,n), which is called
a potential function, and its associated exponential
smoothing ®(m) as defined in (15). Taking the expec-
tation of the regret as defined in (4), we write

Eaqy [Re] = ®(nr) =Y (Baqy ], 7).

t=1

(22)

To upper bound the expected regret, we derive an upper
bound on ®(nr) and a lower bound first on Es - [¢]
and then on the summation in (22).
Upper bound on ®(ny). We first write an inequality
with the potential function and its exponential smooth-
ing. By Jensen’s inequality, we have

d(ny) &) E, {ma))(( (x,nr + n’y}]

xe

1
> rwnea)>§<m,nT —|—r])\> =®(nr)+ %
Cn -
As aresult, ® (ny) < ® (nr) + ~ < ®(nr). (23)

Lower bound on Ej - [z;]. We first derive E 5 [x¢]:
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(V) A
Eqa [x:] = Eqa argrr;(ax (m, o1 + 1)

a A .
£ (P )(E)ZE’H‘& [® (A1 +77)1](24)

where (a) comes from [24, Egs. (4)-(5)]. Next, we find
a lower bound on E; - [z] as follows:

(2] L
By @] = %]Eﬁ,w [® (711 + 1)1

= AE, [Eﬁh [®(R 1 + 777)1}]

(a)
> 2E
n

(10)

v {(I)(]Eﬁh [ -1+ 17 )1}

(A/n) Ey [@(ny 1 +77)1]

where (a) is Jensen’s inequality (® is a convex func-
tion). As a result, the summation in (22) verifies:
T

) > (VP (1), 7).

t=1

LV (n,-1),

M%

'n. Y $t (25)
t:l
Intermediate result on E;  [R;]. By combining the
inequalities (23) and (25), we use (22) to write:
~ T ~
Eny [Ri] < B(ng) = > <v<1> (1) ,rt> . (6)
t=1
To rewrite the right-hand side (r.h.s.) of this inequality,
we use a Taylor’s expansion of ® with a second order
remainder:

& (ny) = ® (ne1) + <v<i> (nt_l),rt>
+ % <rt, V2o (7¢) rt> ,

where 7, is a point on the line segment connecting 1,1
and n;. We now sum (27) over the entire time horizon
T which allows us to rewrite (26) as follows:

. 1 & .
Eao [Re] < (no)+5 Y (re, V28 (F)mi) - (28)

t=1

27)

Last steps: bounds on r.h.s. of (28). Using the defi-
nition of exponential smoothing and ng = 0, we write:
z (15)

®(no) = Ey [ggg(%m)]

To bound the scalar product in (28), we recall that only
one file g; is requested at time ¢, allowing us to write:

<rt,V D (7,) rt> (V q)(rt))

an A

12 pC

< L (1+mN) . 29

gt gt

E, [ (V@ +m)17), |

A -
= v [(WI)(W + n'v))gt]
a) A ®) A
W2y (argmax(m,ﬁ +m>> <2, (30)
n xeX ge n
where (a) comes from [24, Egs. (4)-(5)], and (b) is

from the fact that z,, € {0,1}. Last, we use the
inequalities (29) and (30) to rewrite the bound (28) as
follows:
nC AT
Ea~ R —(14+InN)+ —.
JRe] < TE 0N +
Choosing now 1 = A\\/T/(2C(1 +In N)), we get 18
completing the proof.

B. Proof of Theorem 3

We first write the conditional expectation of Ryp:

Enyja [Re] 2 Z i @i ) - 3D
t=1
Next, we rewrite E. |5 [x;] as follows:
A o =
E. 5 (2] & EE.YW[@(nt_1+n~y)1] O (1) .
(32)
Combining (23), (31) and (32) yields:
T
Eqn (R < ®(ng) — <v&> (1) ,'r't> . (33)
t=1

We again use a Taylor’s expansion of ® with a second
order remainder, but this time around point 7;_1:

& (n) = (1) + (VO (1)1 — s )

+ % (ri = 1, V20 (7) (g — 1) ),
(34
where 7} is a point on the line segment connecting 7,1
and n,. From the convexity of ®:

D (fy_1) < @ (ny_1) + <Vi’ (Rg—1), 71 — nt—l} .
(35)
By combining (34) and (35), we can write:

D (my) < @ (my_1) + <V‘i’ (ﬁt—l)art>
1 . Sk .
+ 3 <nt — iy, V2O (7)) (ny — 1)
(36)
We now focus on the scalar product in the last line
of (36). We can write:

<nt—ﬁt,17V2§>(Ff)(nt—ﬂt,1)>
(%)z(llm—ﬁt—lﬂf)

A .
= ; (||Tt + 11 — nt—l”?)

® X
< = (Il + Imey = 2eal) - 37

where (a) is from [17, Thm. 3] and (b) is from the
triangle inequality. Observe that ||r;[|? = 1.

By using the bounds (29) and (37), and sum-
ming (36) over time horizon 7', we can rewrite the regret
bound (33) to find 19 completing the proof.
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