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Abstract—Although the openness of the Internet is an excellent
characteristic, the quality of service that users gain is not always
fair due to the characteristic. Several versions of congestion
control algorithms are used on the Internet. In recent years,
CUBIC and BBR have taken a large share as congestion
control algorithms, but throughput fairness among flows is
not maintained when CUBIC and BBR flows compete in a
bottleneck link. One possible method of improving throughput
fairness is to regulate BBR flows based on the estimation of the
average packet sending rate of competing CUBIC flows. Existing
analytical models for estimating the performance of CUBIC flows
cannot be used for improving throughput fairness because certain
parameters in the models cannot be accurately obtained by
competing flows. In this paper, we first present a novel analytical
model to estimate the packet sending rate of competing CUBIC
flows. We then propose a modification of BBR, named BBR-FCA,
to improve throughput fairness with competing CUBIC flows. We
evaluate the accuracy of our analytical model and performance
of BBR-FCA through extensive simulations. The results indicate
that the fairness index among CUBIC and BBR flows can be
improved by up to 95.4%.

Index Terms—CUBIC, BBR, Congestion control algorithm,
Throughput fairness

I. INTRODUCTION

The Internet is an open network and has been implemented
in such a way that a variety of protocols can be used. This
is an excellent characteristic of the Internet, but due to the
characteristic, the quality of service that users gain is not
always fair. For example, congestion control algorithms used
by different operating systems (OSes) and content delivery
network (CDN) operators at the transport and application
layers are not the same [1], and their operational parameters
are not also the same. When services with different congestion
control algorithms share a bottleneck link, the quality of
service may be inferior to that of other users. Conversely, the
service may interfere with the quality of service of other users.
In this paper, we focus on inter-protocol fairness, which is the
fairness of the performance among different protocols.

As TCP congestion control algorithms, several versions
are used in the Internet. The default TCP congestion
control algorithm for Windows, macOS, Android, which are
mainly used for end-user terminals, and Linux for servers
is CUBIC [2], which is a loss-based congestion control
algorithm. Bottleneck Bandwidth and Round-trip propagation

time (BBR) [3], which is a congestion control algorithm
for reducing the buffering delay at the bottleneck link, was
developed by Google. It is used in Google’s servers and certain
CDN operator’s servers [1]. The use of CUBIC and BBR in
the current Internet is around 40 and 20%, respectively [4].
Therefore, there are more situations in which CUBIC and BBR
flows compete on bottleneck links in the Internet, meaning
that fairness among them is important. When BBR as a
congestion control algorithm that reduces buffering delay
competes with CUBIC as a loss-based congestion control
algorithm, it is known that their throughput may be unfair,
depending on network parameters such as bandwidth, buffer
size, the number of flows in the bottleneck link, and round-
trip time (RTT) [5], [6]. Especially BBR flows experience
smaller or larger throughput than competing CUBIC flows,
depending on the buffer size at the bottleneck link [5], [7]–[9].
The previous studies [10]–[17] present modifications of BBR
for improving throughput fairness with CUBIC. However, their
approaches are based on heuristic algorithms and they do not
consider a quite large buffer at the bottleneck link, whereas
much attention is now paid to the bufferbloat problem [18].

One possible direct method of improving throughput
fairness among CUBIC and BBR flows is to regulate
BBR flows based on the estimation of the average packet
sending rate of competing CUBIC flows. There are several
analytical models for estimating the performance of CUBIC
flows [2], [19]–[24]. However, most cannot be used for
improving throughput fairness because certain parameters
required in the models, such as the frequency of packet loss
detection events and packet loss ratio, cannot be accurately
obtained by competing flows.

In this paper, we first present a novel analytical model
to estimate the average packet sending rate of a CUBIC
flow by competing flows. The model takes into account
the congestion window dynamics of a CUBIC flow more
precisely than existing models. We then propose BBR Fair to
CUBIC based on mathematical Analysis (BBR-FCA), which
is a modification of BBR based on the analytical model, to
improve throughput fairness with competing CUBIC flows.
Our modification is limited to control parameter settings of
the original BBR to maintain its fundamental characteristics.
The proposed method in this paper is not an incremental
improvement based on a heuristic approach, but an essentialISBN 978-3-903176-48-5©2022 IFIP



improvement based on mathematical analysis. We evaluate
the accuracy of our analytical model and performance of
BBR-FCA using a network simulator. We confirm that BBR-
FCA can achieve high throughput fairness with CUBIC if
the assumptions in our analytical model are held. For this
purpose, we conduct extensive experiments changing network
parameters.

The remainder of this paper is organized as follows.
Section II summarizes previous works related to this study. In
Section III, we briefly explain the CUBIC congestion control
algorithm. In Section IV, we present our analytical model to
estimate the average packet sending rate of a CUBIC flow. In
Section V, we present our proposed BBR-FCA. We discuss the
evaluation of the accuracy of the analytical model and that of
the performance of BBR-FCA through simulations in Section
VI. Finally, we conclude this paper and mention future works
in Section VII.

II. RELATED WORKS

Several improvements for BBR have been proposed for
the purpose of improving throughput fairness with loss-based
congestion control algorithms such as CUBIC. The authors
of [15] proposed a method to improve the fairness with
CUBIC flows and excessive packet losses in a bottleneck link
with small buffer size by updating the congestion window
size of BBR flows when packet loss is detected, similar
to BIC TCP [25]. The studies [16], [17] focused on the
fact that when BBR flows compete with flows using loss-
based congestion control algorithms in a bottleneck link, the
round-trip propagation delay cannot be accurately observed as
the minimum RTT. They proposed an improvement for the
packet loss recovery of BBR to reduce the unfairness with
loss-based congestion control algorithms. The proposals are
avoiding excessive packet losses in a bottleneck link with
small buffer size. In addition to the methods in [16], [17],
the authors of [13] improved the congestion window control
after a packet loss detection of BBR flows so that the window
size does not become too large, when the buffer size of the
bottleneck link is small. BBRv2 [10] has been proposed to
improve the shortcomings of BBR, such as unfairness with
loss-based congestion control algorithms and excessive packet
losses in networks with small buffer size, by controlling
the aggressiveness of packet transmission in the bandwidth
probe while observing packet losses, and by modifying the
minimum RTT observation algorithm. BBRv2+ [14] improved
the responsiveness to dynamic changes in the available
bandwidth and durability against random losses in BBRv2 by
carefully adjusting the aggressiveness of packet transmission
in the bandwidth probe while observing the increase or
decrease in RTT. BBRv2+ has been designed to improve the
performance characteristics of delay-based congestion control
algorithms, such as inferior throughput when competing with
loss-based congestion control algorithms in the network with
large buffer size. By carefully observing the latest minimum
RTT, BBRv2+ can determine whether it competes with loss-
based congestion control algorithms, and if so, BBRv2+ can

perform the bandwidth probe similar to BBRv2. In [11],
a machine learning algorithm is used to determine whether
a BBR flow competes with a CUBIC flow, and if so, the
minimum RTT observation algorithm similar to BBRv2 is
applied to improve throughput fairness with the CUBIC
flow. All of the approaches in the studies [10], [14]–[17]
try to achieve throughput fairness with CUBIC flows based
on heuristic algorithms. In addition, these approaches do
not assume the bottleneck link with quite large buffer size,
while the continuous extremely large buffering delay, called
bufferbloat, has recently attracted much attention. Therefore,
in this paper, we modify the BBR algorithm for the purpose of
improving throughput fairness with CUBIC flows in the same
bottleneck link with any buffer size, using an approach based
on mathematical analysis.

III. CUBIC CONGESTION CONTROL ALGORITHM

In this paper, we discuss throughput fairness among long-
lived CUBIC and BBR flows. Therefore, we focus on
the congestion avoidance phase in the congestion control
algorithms.

The congestion window size in the j-th congestion
avoidance phase of a CUBIC flow is mainly determined from
the CUBIC window growth function Wcubic,j(t) [packets] in
Eq. (1):

Wcubic,j(t) = C (t−Kj)
3
+Wmax,j (1)

where t [sec] is the elapsed time from the beginning of the
j-th congestion avoidance phase, and C is the scaling factor.
Wmax,j [packets] is determined using Eq. (2):

Wmax,j =

{
2−β
2 W0,(j−1) W0,(j−1) < Wmax,(j−1) (2.1)

W0,(j−1) otherwise (2.2)
(2)

where W0,(j−1) [packets] is the congestion window size
when a packet loss detection event occurs in the (j − 1)-th
congestion avoidance phase. Kj [sec] is the time it takes
for the congestion window size to reach Wmax,j [packets]
from the beginning of the j-th congestion avoidance phase,
determined using Eq. (3):

Kj =
3

√
Wmax,j − (1− β)W0,(j−1)

C
(3)

where β is the congestion window reduction ratio.

IV. ANALYTICAL MODEL FOR ESTIMATING PACKET
SENDING RATE OF CUBIC FLOW

The purpose of the analysis is to estimate the average packet
sending rate of a CUBIC flow by competing flows. We assume
that these flows share only one bottleneck link and that packet
losses are due only to buffer overflows at the bottleneck link.

We develop our analytical model for the packet sending
rate of a CUBIC flow with respect to the duration of the
congestion avoidance phase, not to the frequency of packet loss
detection events (i.e., congestion window halving rate [26]) or
packet loss ratio as in the most studies [2], [19]–[23]. This is



Fig. 1: Actual congestion window dynamics.

Fig. 2: Congestion window dynamics in our analysis.

because the packet sending rate cannot be accurately obtained
from the frequency of packet loss detection events in the
mixture of CUBIC and competing flows. Another reason is
that competing flows cannot accurately obtain the frequency
of the packet loss detection events on the CUBIC flow. In our
work, by assuming that all co-existing flows on the bottleneck
link have packet losses simultaneously when a buffer overflow
occurs, the duration of congestion avoidance phases of the
CUBIC flow should be estimated easily by competing flows.

Eq. (2) means that the evolution of the congestion window
size of a CUBIC flow has two modes. Therefore, we give
the mathematical analysis for both modes. The congestion
avoidance phase with Eq. (2.1) is called the Fast Convergence
(FC) phase, and that with Eq. (2.2) is called the non-FC
phase. We construct our analytical model based on the model
in [24]. In [24], the authors derived the average congestion
window size and duration of the congestion avoidance phase
of a CUBIC flow as a function of the frequency of the
packet loss detection events. The main difference is that
we precisely consider the effect of FC and non-FC phases.
Another difference is that we explicitly consider the effect of
the fast recovery phase as well as the congestion avoidance
phase.

Fig. 1 shows the typical dynamics of the congestion window
size in the congestion avoidance phases of a CUBIC flow
obtained from a simulation. We observe the repetition of a
congestion avoidance phase and following fast recovery phase.

Each congestion avoidance phase is either an FC phase or non-
FC phase. We denote the average duration of an FC phase and
that of a non-FC phase as tfc [sec] and tnfc [sec], respectively.
We also denote the average duration of a fast recovery phase as
r [sec]. The average congestion window size when the packet
is discarded in the network is denoted as W 0,cubic [packets].

Both FC and non-FC phases terminate when packet losses
are detected. Due to the packet loss detection algorithm, it
takes roughly one RTT to detect the packet loss. The evolution
of the congestion window size in the duration between the
packet loss and its detection depends on various factors, such
as how many packets are discarded. Therefore, we ignore
the congestion window evolution in the duration between a
packet loss and its detection, and assume that the congestion
window size remains W 0,cubic. We also ignore the evolution
of the congestion window size in the fast recovery phase and
fix it as (1 − β)W 0,cubic for simplification of the analysis.
Fig. 2 illustrates the evolution of the congestion window size
by reflecting these assumptions. We confirmed that they do
not affect the overall estimation accuracy of the analysis.

We first derive the average congestion window size in a
congestion avoidance phase, denoted as wcubic [packets]. The
average congestion window evolution from the beginning of
the congestion avoidance phase to when packet loss occurs
in FC and non-FC phases, denoted as W fc(t) [packets] and
W nfc(t) [packets] respectively, is approximated as follows,
based on Eqs. (1)-(3) and the above assumptions.

W fc(t) = C

t− 3

√
βW 0,cubic

2C

3

+
2− β

2
W 0,cubic (4)

W nfc(t) = C

t− 3

√
βW 0,cubic

C

3

+W 0,cubic (5)

We denote the average RTT as Rcubic [sec]. Then, tfc and tnfc
are obtained as follows, by substituting (tfc−Rcubic) into t in
Eq. (4) and (tnfc −Rcubic) into t in Eq. (5), respectively.

tfc =
3

√
4βW 0,cubic

C
+Rcubic (6)

tnfc =
3

√
βW 0,cubic

C
+Rcubic

From Eq. (6), we obtain the following equation.

W 0,cubic =
C

4β
(tfc −Rcubic)

3

We next derive the average congestion window size from
the beginning of the congestion avoidance phase to when
packet loss occurs in FC and non-FC phases, denoted as



wfc [packets] and wnfc [packets], respectively, in accordance
with the following calculations.

wfc =
1

tfc −Rcubic

∫ tfc−Rcubic

0

W fc(t)dt

=
2− β

8β
C(tfc −Rcubic)

3

wnfc =
1

tnfc −Rcubic

∫ tnfc−Rcubic

0

W nfc(t)dt

=
4− β

16β
C(tfc −Rcubic)

3

We introduce the parameter γ as the ratio of the number
of FC phases relative to the total number of congestion
avoidance phases. Then, wcubic can be obtained by averaging
the congestion window size in a congestion avoidance phase
as follows:

wcubic =
γ(tfc − Rcubic)wfc + (1 − γ)(tnfc − Rcubic)wnfc + RcubicW 0,cubic

t
(7)

where t is the average duration of the congestion avoidance
phase calculated as the following equation.

t = γtfc + (1− γ)tnfc

Note that the term RcubicW 0,cubic in Eq. (7) is for the duration
from when packet losses occur to when they are detected. The
average packet sending rate in a congestion avoidance phase
can then be obtained as wcubic

Rcubic
[packets/sec].

We next calculate the average packet sending rate in a
fast recovery phase by dividing the number of packets sent
in this phase by the duration of the phase. We assume that
the number of packets sent in this phase is (1 − β)W 0,cubic,
which equals the congestion window size in the phase, on the
basis of the observations in simulations. Therefore, the average
packet sending rate in a fast recovery phase can be obtained
as (1−β)W 0,cubic

r [packets/sec].
Finally, we obtain the average packet sending rate of a

CUBIC flow, denoted as Bcubic [packets/sec], as follows.

Bcubic =
twcubic

Rcubic
+ r

(1−β)W 0,cubic

r

t+ r
(8)

CUBIC ensures that the packet sending rate is kept equal
or larger than that of TCP Reno [27], which is the classic
congestion control algorithm used mainly on the Internet in
the past. This is possible by estimating the congestion window
size of a TCP Reno flow passing through the same network
path. We take this behavior into account in our analysis, but
the details are omitted due to space limitation.

V. BBR-FCA: BBR FAIR TO CUBIC BASED ON
MATHEMATICAL ANALYSIS

In this section, we propose a modification of the BBR
congestion control algorithm to improve throughput fairness
with CUBIC, named BBR-FCA.

For simplification of the explanation, we consider the
situation in which one CUBIC flow and one BBR-FCA

flow compete on a single bottleneck link. The BBR-FCA
flow regulates its packet sending rate to maintain throughput
fairness with the competing CUBIC flow. To do this, it first
estimates the packet sending rate of the CUBIC flow using
the analysis results presented in Section IV. We need to set
parameters C, β, Rcubic, r, γ, tfc, and tnfc to estimate the
packet sending rate of the CUBIC flow using Eq. (8). We
discuss how these parameters are determined in Section V-
A. In Section V-B, we give an overview of the original
BBR algorithm. Finally, in Section V-C, we describe how
to configure the parameters of BBR-FCA and details of this
algorithm.

A. Parameter Settings of CUBIC Analytical Model

We use C = 0.4 and β = 0.3, which are used in Linux and
Android. For Rcubic, we use the smoothed RTT maintained
by the BBR-FCA flow, which is denoted as Rbbr [sec].

As in Section IV, we assume that when a buffer overflow
occurs at a bottleneck link, packet losses occur in both CUBIC
and BBR-FCA flows simultaneously. The BBR-FCA flow can
then estimate the duration of the congestion avoidance phases
of the CUBIC flow by observing the packet loss detection
events and packet loss recoveries. It can also determine r, by
estimating two successive congestion avoidance phases. The
problem is that we cannot determine whether the observed
congestion avoidance phase corresponds to the FC phase or
non-FC phase. Therefore, the BBR-FCA flow estimates tfc
and tnfc with the following equations:

tfc = tavg +
√
tvar

tnfc = tavg −
√
tvar

where tavg and tvar are the moving average and variance of
the duration of the congestion avoidance phases, respectively.
This estimation is based on the following two assumptions.
First, we assume that an FC phase and non-FC phase appear
alternately, meaning that γ equals 0.5. Second, all FC phases
have longer duration than the average duration of a congestion
avoidance phase, and all non-FC phases have shorter duration
than the average duration of a congestion avoidance phase.
Note that we empirically confirmed that these assumptions are
satisfied in the simulations we conducted for this study.

B. Original BBR Algorithm [3]

In the long-lived BBR flow, the ProbeBW and ProbeRTT
phases appear alternately. In the ProbeBW phase, the BBR
flow sets the target value for the congestion window size, and
the congestion window size gradually approaches the target
value. The target value at receiving the i-th ACK packet
is denoted as wtarget,i [packets]. In addition, the BBR flow
executes packet pacing when sending packets. The pacing
rate is denoted as pi [packets/sec]. To determine wtarget,i and
pi, the BBR flow uses the maximum throughput, denoted as
BtlBwi [packets/sec], calculated from the reception of ACK
packets in the recent past, and the minimum RTT in the recent
past, denoted as RTprop,i [sec]. Time windows for calculating



BtlBWi and RTprop,i, denoted as WB [sec] and WR [sec],
are set to ten times RTT and 10 [sec], respectively, as in
the implementation of Linux 5.14. The wtarget,i and pi are
calculated as follows:

wtarget,i = gw ·BtlBwi ·RTprop,i

pi = gp ·BtlBwi (9)

where gw and gp are the fixed parameters called the cwnd
gain and pacing gain, respectively. gp is temporarily changed
to search for the available bandwidth in the ProbeBW phase.

In the ProbeRTT phase, the congestion window size is set
to δ [packets] and new packets are sent during Wrtt [sec].
δ = 4 [packets] and Wrtt = 0.2 [sec] are used in the
implementation of BBR in Linux 5.14.

C. BBR-FCA Algorithm

Parameter Configuration: In BBR-FCA, we modify the
algorithms to determine the target value for the congestion
window size, packet pacing rate and cwnd gain.

The average packet sending rate of the original BBR flow,
S [packets/sec], is expressed as Eq. (10):

S =

δ+wtarget

2Rbbr
tbw +

wtarget

Rbbr
(WR − tbw) +

δ
Rbbr

Wrtt

WR + trtt
(10)

where wtarget [packets] is the average target value for the
congestion window size, tbw [sec] is the average time from
the beginning of the ProbeBW phase to when the congestion
window size reaches wtarget, and trtt [sec] is the average
duration of the ProbeRTT phase. Eq. (10) can be obtained
by deriving the weighted average of the congestion window
sizes in the ProbeBW and ProbeRTT phases. The details of
the derivation of Eq. (10) is omitted due to space limitation.
By solving Eq. (10) for wtarget, we obtain Eq. (11).

wtarget =
S Rbbr(WR + trtt)− δ(Wrtt +

tbw
2 )

WR − tbw
2

(11)

Eq. (11) means that we can obtain the average target value for
the congestion window size so that the average packet sending
rate of the BBR flow can be S. By substituting Bcubic in
Eq. (8), calculated from the estimated CUBIC parameters, into
S in Eq. (11), the packet sending rate of the BBR flow can be
regulated to maintain throughput fairness with the competing
CUBIC flow.

We also modify the packet pacing rate, by replacing
BtlBWi in Eq. (9) with p [packets/sec] in Eq. (12).

p =
wtarget

Rbbr

=
S Rbbr(WR + trtt)− δ(Wrtt +

tbw
2 )

Rbbr(WR − tbw
2 )

(12)

Finally, we adaptively configure the cwnd gain gw
depending on wtarget, p and RTprop,i, as in Eq. (13).

gw =
wtarget

p ·RTprop,i
(13)

Details of BBR-FCA Algorithm: A BBR-FCA flow
determines that CUBIC flows compete on a bottleneck link

S1

Sn

Senders N1 N2 Receivers

Network nodes

Access links

Bandwidth 10 [Gbps]
Propagation delay 1[msec]

Output bu er size 100 [Mbytes]

R1

RnBottleneck link

Bandwidth 100 [Mbps]
Propagation delay variable

Output bu er size variable

⋮ ⋮

Flow 1

Flow n

Fig. 3: Network topology.

when packet losses are detected in the recent past. It then
modifies its behavior in the ProbeBW phase as follows.

The BBR-FCA flow first estimates Bcubic by using
Eq. (8) with parameter values determined in Section V-A.
By substituting Bcubic into S in Eqs. (11) and (12), it then
calculates wtarget and p, respectively. Also, gw is obtained
from Eq. (13).

The original BBR flow temporarily changes gp to search for
the available bandwidth in ProbeBW phases. The BBR-FCA
flow does not need to search for the available bandwidth when
it competes with CUBIC flows, when focusing on achieving
throughput fairness with these flows. Therefore, we omit the
temporal changes of gp. That is, gp = 1 constant.

In Startup, Drain and ProbeRTT phases, the BBR-FCA flow
behaves the same to the original BBR flow.

VI. EVALUATION

In this section, we validate the analytical model presented
in Section IV, and evaluate throughput fairness among CUBIC
and BBR flows through simulations. We use ns-2 [28] for these
simulations since ns-2 has sufficient functionality to evaluate
the performance of CUBIC and BBR.

A. Experimental Environment

Fig. 3 shows the network topology used in the simulations.
The network consists of n senders, n receivers, two network
nodes, 2n access links and one bottleneck link.

As mentioned in Section I, CUBIC and BBR are the
dominant congestion control algorithms used in the current
Internet environment. Therefore, only CUBIC and BBR are
considered as TCP congestion control algorithms in the
performance evaluation of this section.

Each sender is equipped with CUBIC, the original BBR,
BBR-CWS [13], BBRv2 [10], BBRv2+ [14] or BBR-FCA.
The six algorithms are implemented based on the source
codes for Linux kernel, the literature [2], [3], [10], [13],
[14] and Section V-C. Senders enable TCP pacing function.
Receivers enable selective ACK option and disable delayed
ACK option. The data and ACK packet sizes are 1500 and
40 [bytes], respectively. The bandwidth of the bottleneck link
is 100 [Mbps], unless we mention otherwise. The propagation
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Fig. 4: Validation of analytical model: two CUBIC flows
(propagation delay between terminals: 20 [msec]).
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Fig. 5: Validation of analytical model: one CUBIC flow
and one BBR flow (propagation delay between terminals:
20 [msec]).

delay of the bottleneck link is 18 or 38 [msec]. The output
buffer size of the bottleneck link is 1, 2, 4, 8, 16, 32,
64 or 128 [BDP], where BDP represents the bandwidth
delay product between the senders and receivers. 1 [BDP]
corresponds to 500 [Kbytes] and 1 [Mbytes] in the network
where the propagation delay of the bottleneck link is 18 and
38 [msec], respectively. Note that we conduct the performance
evaluation with large buffer sizes by taking into account the
bufferbloat problem. The bandwidth, propagation delay and
output buffer size of access links are 10 [Gbps], 1 [msec]
and 100 [Mbytes], respectively. Long-lived data transfers are
started simultaneously from all senders. The duration of the
data transfer is 6000 [sec].

B. Validation for Analytical Model

We use the two analytical models based on [24] as
comparison models. The Poojary model estimates the average
packet sending rate from the average duration of the
congestion avoidance phase and the average congestion
window size. The Poojary(p) model estimates the average
packet sending rate from the frequency of packet loss detection
events and the average congestion window size.

Fig. 4 shows the estimation results (Our Model, Poojary
Model and Poojary(p) Model) regarding the average packet

sending rate of a CUBIC flow as well as the actual values
obtained from simulations (Actual), as a function of the buffer
size, when two CUBIC flows exist in the network where the
propagation delay of the bottleneck link is 18 [msec], that is,
the propagation delay between terminals is 20 [msec]. Our
model accurately estimates the packet sending rate, except
for 1 and 2 [BDP]. This measurement error is due to the
TCP pacing function enabled in the simulations, which is
not considered in our analysis. The Poojary and Poojary(p)
models, which do not take into account FC and non-FC
phases, overestimate the average actual rate. The Poojary
model overestimates more than the Poojary(p) model because
of the difference in the effect of ignoring FC and non-FC
phases on the analysis results.

Fig. 5 shows the results when one CUBIC flow and one
BBR flow co-exist in the network. The original BBR is used
for the BBR flow. This estimation is conducted by the BBR
flow. Our model underestimates the packet sending rate when
the buffer size is small, while providing almost accurate results
for larger buffer sizes. This is because successive packet losses
occur when the buffer size is small due to the BBR algorithm
on the packet loss detection, which is not considered in our
analysis. The Poojary model underestimates and overestimates
the packet sending rate when the buffer size is small and
large, respectively, because it does not take into account the
difference in FC and non-FC phases. The Poojary(p) model
underestimates the packet sending rate compared with the
actual values when the buffer size is quite large, because the
frequency of the packet loss detection events of the CUBIC
flow cannot be accurately obtained by the BBR flow.

C. Throughput Fairness among CUBIC and BBR Flows

Here, we confirm whether BBR-FCA can achieve high
throughput fairness with CUBIC or not, when the assumptions
in Section IV are held. For this purpose, we conduct extensive
experiments in this section.

We then evaluate throughput fairness among CUBIC and
BBR (the original BBR, BBR-CWS, BBRv2, BBRv2+ or
BBR-FCA) flows. Fig. 6 shows the throughput share of two
flows as a function of the buffer size when a CUBIC flow and
BBR flow co-exist in the network where the propagation delay
of the bottleneck link is 18 [msec]. When the buffer size is
quite small or quite large, the fairness between the CUBIC
flow and the original BBR, or BBR-CWS flow degrades
significantly. When the buffer size is quite large, the fairness
between the CUBIC flow and the BBRv2 flow also degrades.
When the buffer size is quite small, the fairness between the
CUBIC flow and the BBRv2+ flow also degrades significantly.
On the other hand, the BBR-FCA flow realizes almost perfect
fairness regardless of the buffer size while maintaining full
utilization of the bottleneck link bandwidth. These results
clearly indicate the fundamental characteristics of BBR-FCA.

Fig. 7 shows the results when one CUBIC flow and m (≥ 1)
BBR flows co-exist in the network where the propagation
delay of the bottleneck link is 18 [msec] and the buffer size is
set to 64 [BDP]. The graph shows Jain’s Fairness Index [29],
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Fig. 6: Throughput share of one CUBIC flow and one BBR
flow (propagation delay between terminals: 20 [msec]).
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Fig. 7: Fairness index among one CUBIC flow and multiple
(m) BBR flows (propagation delay between terminals:
20 [msec], buffer size: 64 [BDP]).

which is calculated from the throughput of the CUBIC flow
and the throughput of each BBR flow. The fairness index
takes a value between 0 and 1.0. The value is closer to 1.0,
it indicates fairer. When the original BBR is used for the
BBR flows, the fairness index decreases as the number of
BBR flows increases; when BBRv2, BBRv2+, or BBR-FCA is
used, the fairness index among those flows is greatly improved
regardless of the number of BBR flows. Specifically, BBRv2
improves the fairness index by -4.6% to 96.5%, BBRv2+
improves it by 6.1% to 79.3%, and BBR-FCA improves it
by 6.2% to 95.4%, comparing with the original BBR.

Fig. 8 shows the results when m (≥ 1) CUBIC flows and
one BBR flow co-exist in the network where the propagation
delay of the bottleneck link is 18 [msec] and the buffer size is
set to 64 [BDP]. The graph shows Jain’s Fairness Index, which
is calculated from the throughput of each CUBIC flow and the
throughput of the BBR flow. When the original BBR is used
for the BBR flows, the fairness index decreases as the number
of BBR flows increases; when BBR-FCA is used, the fairness
index among those flows is improved. Specifically, BBR-FCA
improves the fairness index by -2.2% to 27.9%, comparing
with the original BBR.

Fig. 9 shows the Jain’s Fairness Index of multiple CUBIC
and BBR flows when the same number (= m) of such flows
co-exist in the network where the propagation delay of the
bottleneck link is 18 [msec] and the buffer size is set to
64 [BDP]. With all of the BBR-CWS, BBRv2, and BBRv2+,
the fairness decreases when the number of flows is large. On
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Fig. 8: Fairness index among multiple (m) CUBIC flows
and one BBR flow (propagation delay between terminals:
20 [msec], buffer size: 64 [BDP]).
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Fig. 9: Fairness index among multiple (m) CUBIC flows
and multiple (m) BBR flows (propagation delay between
terminals: 20 [msec], buffer size: 64 [BDP]).

the other hand, with BBR-FCA, the fairness is close to 1.0
regardless the number of flows. These results indicate that
BBR-FCA can be used in a situation with multiple CUBIC
and BBR flows, whereas the analysis in Section IV implicitly
assumes that one CUBIC flow and one BBR flow share a
bottleneck link.

Next, we change the propagation delay and the bandwidth
of the bottleneck link to gain extensive experimental results.

Fig. 10 shows the throughput share of two flows as a
function of the buffer size when a CUBIC flow and BBR
flow co-exist in the network where the propagation delay of
the bottleneck link is 38 [msec], that is, the propagation delay
between terminals is 40 [msec]. The original BBR, BBR-CWS
and BBRv2 have the results similar to when the propagation
delay of the bottleneck link is 18 [msec]. The BBRv2+ flow
can achieve throughput which is fair to the CUBIC flow
even when the buffer size of the bottleneck link is 1 [BDP],
because the buffer size is larger than when the propagation
delay of the bottleneck link is 18 [msec]. On the other hand,
when the buffer size is 128 [BDP] (= 128 [Mbytes]), the
BBR-FCA flow cannot achieve throughput fairness with the
competing CUBIC flow. The reason is because retransmission
timeouts are frequent in this environment. This frequent
timeouts are due to quite large buffer size rather than due
to large propagation delay. Our analysis does not take a
retransmission timeout into account. Therefore, the BBR-
FCA flow is not fair to the competing CUBIC flow in the
environment where retransmission timeouts are frequent, such
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Fig. 10: Throughput share of one CUBIC flow and one BBR
flow (propagation delay between terminals: 40 [msec]).
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Fig. 11: Fairness index among one CUBIC flow and multiple
(m) BBR flows (propagation delay between terminals:
40 [msec], buffer size: 64 [BDP]).

as when the buffer size of the bottleneck link is quite large.
Basically, the magnitude of the propagation delay between
terminals has little effect on the throughput fairness among
CUBIC flows and BBR-FCA flows.

Fig. 11 shows the results when one CUBIC flow and
m (≥ 1) BBR flows co-exist in the network where the
propagation delay of the bottleneck link is 38 [msec] and
the buffer size is set to 64 [BDP]. The graph shows Jain’s
Fairness Index, which is calculated from the throughput of
the CUBIC flow and the throughput of each BBR flow.
The original BBR, BBR-CWS, BBRv2, BBRv2+ and BBR-
FCA have worse fairness a little than when the propagation
delay of the bottleneck link is 18 [msec]. When BBRv2,
BBRv2+, or BBR-FCA is used, the fairness index among those
flows is greatly improved regardless of the number of BBR
flows, compared with the original BBR. Specifically, BBRv2
improves the fairness index by 22.0% to 281.4%, BBRv2+
improves it by 44.0% to 232.9%, and BBR-FCA improves it
by 45.6% to 247.0%, comparing with the original BBR.

Fig. 12 shows the results when m (≥ 1) CUBIC flows and
one BBR flow co-exist in the network where the propagation
delay of the bottleneck link is 38 [msec] and the buffer size
is set to 64 [BDP]. The graph shows Jain’s Fairness Index,
which is calculated from the throughput of each CUBIC flow
and the throughput of the BBR flow. BBR-CWS, BBRv2,
BBRv2+ and BBR-FCA have the results similar to Fig. 8.
When the original BBR is used for the BBR flows, the fairness
index decreases as the number of BBR flows decreases; when
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Fig. 12: Fairness index among multiple (m) CUBIC flows
and one BBR flow (propagation delay between terminals:
40 [msec], buffer size: 64 [BDP]).
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Fig. 13: Fairness index among multiple (m) CUBIC flows
and multiple (m) BBR flows (propagation delay between
terminals: 40 [msec], buffer size: 64 [BDP]).

BBR-FCA is used, the fairness index among those flows is
improved. Specifically, BBR-FCA improves the fairness index
by -1.7% to 45.6%, comparing with the original BBR.

Fig. 13 shows the Jain’s Fairness Index of CUBIC and BBR
flows when the same number (= m) of such flows co-exist in
the network where the propagation delay of the bottleneck link
is 38 [msec] and the buffer size is set to 64 [BDP]. The original
BBR has worse results than the results when the propagation
delay of the bottleneck link is 18 [msec] in Fig. 9. BBR-CWS,
BBRv2, BBRv2+ and BBR-FCA have the results similar to the
results in Fig. 9. With both BBRv2 and BBRv2+, the fairness
decreases when the number of flows is large as well as in
Fig. 9. On the other hand, with BBR-FCA, the fairness is
close to 1.0 regardless the number of flows.

According to our other simulations, we confirmed that the
magnitude of the bandwidth of the bottleneck link also has
little effect on the throughput fairness among CUBIC flows
and BBR-FCA flows.

D. Validation for Inheritance of BBR’s Characteristics

Finally, we evaluate the average RTT of flow 1, which is
the flow transmitted from the first sender, and total throughput
when only m (≥ 1) BBR (the original BBR, BBR-CWS,
BBRv2, BBRv2+, or BBR-FCA) flows share the bottleneck
link in the network where the propagation delay of the
bottleneck link is 18 [msec] and the buffer size is set to
64 [BDP]. Fig. 14 shows the results of the average RTT
and total throughput. BBRv2+ does not inherit the good
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Fig. 14: Average RTT and total throughput of multiple (m)
BBR flows (propagation delay between terminals: 20 [msec],
buffer size: 64 [BDP]).

performance characteristics of RTT and throughput of the
original BBR, while BBR-CWS and BBRv2 almost inherit
the performance characteristics of the original BBR, and BBR-
FCA inherits them completely.

VII. CONCLUSION

In this paper, we proposed a modification to the BBR
congestion control algorithm, named BBR-FCA, to improve
throughput fairness with competing CUBIC flows. We also
constructed a novel analytical model of the packet sending
rate of a competing CUBIC flow. We evaluate the accuracy of
our analytical model and performance of BBR-FCA through
simulations. Our results indicate that BBR-FCA flows can
improve throughput fairness with competing CUBIC flows
regardless of the network parameters and the number of
competing flows, except when the buffer size of the bottleneck
link is quite large and retransmission timeouts occur frequent.

One of our future works will be to take account
retransmission timeouts into our analytical model. The second
one is exploring methods of maintaining throughput fairness
with congestion control algorithms other than CUBIC.
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