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Abstract. In this paper, Analysis of the stability and solitary waves for a car-
following model on two lanes is carried out. The stability condition of the mod-
el is obtained by using the linear stability theory. We study the nonlinear char-
acteristics of the model and obtain the solutions of Burgers equation, KDV
equation, and MKDV equation, which can be used to describe density waves in
three regions (i.e., stable, metastable and unstable), respectively. The analytical
results show that traffic flow can be stabilized further by incorporating the ef-
fects come from the leading car of the nearest car on neighbor lane into car-
following model.

Keywords: Car-following Model on Two Lanes, Traffic Flow, Density Waves.

1 Introduction

Car-following theory is one of the most important part of modern traffic theory. Since
1953 when Pipes[1] presented the first model, an increasing number of models have
been proposed [2-9].In 2002, Jiang et al[6] presented a car-following model called
full velocity difference model (FVDM).FVDM revealed the complex dynamic charac-
teristics of traffic flow, therefore, various developed models based FVDM were pro-
posed.

With the development of transportation, study on two-lane traffic has been increas-
ingly necessary. However, early car-following models like FVDM are only subject to
single lane traffic, thence, many scholars have made a lot of research on two-lane
traffic and proposed a series of new models, which mainly divided into lattice model
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and car-following model. Nagatani[10] proposed lattice model on two lane traffic in
1998. Peng [11-14] extended the two-lane lattice model, and presented a series of new
models based lattice model of Nagatani. Tang et al [15] presented a car-following
model on two lanes by considering the lateral effects in traffic. They found that vehi-
cle drivers always worry about the lane changing actions from neighbor lane and the
consideration of lateral effects could stabilize the traffic flows on both lanes.

A large of traffic accidents are caused by unreasonable lane changing. In order to
avoid such accidents, drivers have to worry about the lane changing actions not only
of the nearest car in neighbor lane but also of the preceding car of the nearest car on
neighbor lane. In this paper, we propose an extended car-following model on two
lanes though considering the effects from both the nearest car and its leading car in
neighbor lane which is rarely studied by others. Then the stability condition of the
new model is derived by using the stability theory. Next, we obtain the solutions of
Burgers equation, KDV equation and MKDV equation, which can be used to describe
density waves in three regions (i.e.,stable, metastable and unstable) respectively. The
analytical results show that traffic flow can be stabilized further by incorporating the
effects come from the leading car of the nearest car on neighbor lane into car-
following model.

2 Model

In case of two-lane traffic, it is necessary to consider the lateral effects. This is be-
cause plenty of surveys show that most drivers have to be ready to take precautions
against the near vehicle on neighbor lane due to the suddenly lane changing without
any alert message. The ‘near vehicle’ on neighbor lane is composed of the nearest
vehicle and its leading car on neighbor lane. In general ,the distance between one car
and it’s nearest car on neighbor lane is so small that drivers always judge the lane
changing action of his/her nearest-lateral car by observing the distance between
his/her leading car and the nearest-lateral car. Hence, the dynamic equation of the car-
following model on two lanes is as follows [15]:

d?x,, (t)

i :fsﬁ(v,vn(t),Axlyn(t),ZA,vn,Av,Yn(t)j

1)

Where 1=0,1 represent the lane number, A, is the distance between the N, vehicle

on lane I and the leading car of its nearest vehicle on neighbor lane.
In this paper , Eq.(1) can be rewritten as:

dxy ()

R R R Rt
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v, [M,JUZ&,J is the optimal velocity formulated as
I



\4 [Axl,n(t)’ZAl‘nj =V, (Kln) =V, (“lAXLn“‘ﬂuAl,n + ﬁzlAH,n) 3)

where o, 5, 3, are the weights of axial headway Ax,(t) and lateral distance "4, , respec-
|

tively.

o+ py+ Py =1

According to the optimal velocity function presented by Bando [2], the optimal velocity
function on two lanes is given by

v, (Fln) = V";‘ax [tanh (FM - h,c) +tanh(h, )]

(4)
This velocity function has a turning point at ax, = h_
.. 4%, (x,, )
Vi (&%) = Tam e 0 )

3 Linear stability analysis

We apply the linear stability theory to examine the car-following model on two lanes de-
scribed by Eq.(2).The uniform traffic flow is defined by such a state that all vehicles on

lane I move with the optimal velocity V, [Axlyn(t),ZAmJ and the identical headway h,
I
and the lateral distance >"a, ;the relative velocity Av, (t) is zero. The solution x(t) is
. ,

given by

x?(t)=hn +V, (hl,IZAljt 6)

Assuming y,,(t) be a small deviation from the steady state x? (t) , we have

n

X0 (1) =59 (6) + 1, (1) 0
Substituting the Eq. (6) and Eq. (7) into Eq. (2), we rewrite linearized equation as

dYIz,n (t) dyl,n(t)]i_ﬂl dAyI,n(t)

=g VI‘ (hl )(“lAy In (t) + B, + ﬁZIAl—I,n)_ 8)

dt? dt dt

WhereV, (ax,,)=aV; (Ax,)/dAx, » atAx , =h ,and Ay, (t) =Y,,.(t)-¥,(t) .For a very

small perturbation vy, (t) atx?(t), we can letA,, =A,, =4y, ., .



Expanding y, , (t) in the Fourier-modes, y, , (t) =~ Ae™" ", we obtain
7 =4 [Vll (h)x (al (eik‘ _1) +(By+ P )(eik‘ _1)eik' ) -7 J +A42 (eik‘ _1) ©)

Substituting z, =z, (ik, ) + 2, (ik, ) +...... into Eq. (9) ,we obtain the first- and second-order
terms of coefficients in the expression of z, as follows:
2y =(cq + By + B Vi (h) =V, (hy)
_aVi () e +3(By + ) |+ 222 - 22
23,

For small disturbances with long wavelengths, the uniform steady state will become
unstable when z,, is negative. Thus the neutral stability curve is given by

21

V(-4
* 0.5¢, +1.5(B, + Bx)

(10)

The uniform traffic flow will be unstable if & <a,
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Fig. 1. Phase diagram in the headway-sensitivity space. The parameters related to the models
are given in Table 1

The neutral stability curves in parameter space are shown in Fig.1, where the sensitivity
o, =Yz .from Fig.1 it can be seen that the stable region of both the new model and Tang

model are larger than stable region of the FVDM. It means the uniform traffic flow has
been stabilized with taking into account the lateral effects. Furthermore, relative to Tang
model, the critical point and neutral stability curve of new model are lower, which shows
that the uniform traffic flow has been further strengthened by adjusting the lateral effects
from both nearest car and it’s leader car in neighbor lane. The traffic jam is thus relieved
efficiently.



Table 1. parameters related to the models

a By Pa A
FVDM 1 0 0 0.2
TANGM 0.75 0.25 0 0.2
NEWM 0.6 0.25 0.15 0.2

4 Nonlinear analysis

To facilitate the study of the density wave problem in the following three regions
below, we rewrite Eq. (2) as follows:

dt? '
» [dAxLM(t) B dAX.,n(t)j
dt dt

(11)

WhereV, [AXLM (t)vZAl.Mj =V (Kln) > Axiln = AX o+ By + BuDin
T

4.1  Burger equation

We now consider the slowly varying behaviors for long waves in the three regions (i.e.
stable, metastable and unstable).Introduce slow scales for space variable n,and time

variable t. For0<¢<1, we define the slow variable X,and 1
X, =e(n +ht), T =& (12)
Where b, is a constant to be determined. Let

Ax, =h +eR(X,.T) 13

Substituting Eq. (12) and Eq.(13) into Eq.(11) and expanding to the third order of
& ,we obtain the following nonlinear partial differential equation

&a, (b =V (I))ox R +£°{ad;R —aV'(h)Roy R

—(%[al +3(By + Bu) IV () -1 +/11b,j6f<, R,}= 0 14)

av (Axl‘n)
dAx,

:dzv(m)

WhereV, (h)= o T

Er R




By takingb =Vv'(h) , we eliminate the second-order term of ¢ from Eq. (14) and
have

8;R =V (h)RO,R = [;[(x, +3(By+ By) V' (h) - 2'? + ’1:']5; R o

—Vf‘h')ﬂﬂjv'(h,)ail R

1 aI

1
= [Z[al + 3(,B1| + B )]

The coefficient %[a, +3(By + By )]—V;h')+:> 0 in the stable region satisfies the

1
stability criterion. Thus, in the stable region Eq.(15) is the Burgers equation. The solu-
tion of the Burgers equation is as follow:

— 1 /L S/ I N/ e N/
R(x"T)_v"(h,)T[x 2 } z\v“l(h,)\T

(16)

e

Where 7, are the coordinates of the intersections of the slopes with the x-axis and ¢,
are those of the shock fronts. AsT —+wo, R(X,T)—0, which means in stable region all
density waves eventually evolved into a uniform flow with increasing time.

4.2  Kdv equation

We consider the slowly varying behaviors for long waves near the neutral stability
point. Slow variable X, and T are defined as

X, =¢&(n +ht), T =& (17)

We set the headway as

A, =+ R (X,,T) 18)

Subsitituting Eq.(17).and Eq.(18) into Eq.(11) and expanding to the sixth order of
& ,we obtain the following nonlinear partial differential equation



&', [b| -V (h ):Iax, R +é&* |:blz _%(% +3B, +36, )V, (hl)_ﬂ’lbl:|a§<‘ R
5. )4 1 . 1 3 1, . )
+eq {OT R _|:E(a| +7B +7ﬂ2,)V| (h|)+27alj1b|:|ax, R _§V| (hl)aX,Rl }
+6°[ (20~ 4)0,,0,R —%(a, +154, +158, )V, (h )34 R, (19)

_%(al +3p +30, )Vln (h| )ai, Rf:} =0

62
where o0, =—— .
axat
Near the neutral stability point, we set2 —14¢2, where a, = Vilh) -4,
Is 0.5a; +1.5(8, + B,)

By takingb =V'(h) ,we eliminate both the third-order and the forth-order term of
& from Eq.(19) and have

;R — 3% R — RO R +&[~f,0% R + f,0% R + .05 R |=0 (20)
1 : 1 . 1 :
Where f, =g(al + 1By + 16 )V, (h,)+gqu, =V (), f= E(o:, +30,+30, )V, (h)
1

2a? 6a, 24

S S

f4=[*<”'(h')‘”‘)+<“' BT - STy

fy = (2\/'(2:'13)_/1 - %(al +38, +3B, )]Vi“ (hl )

In order to drive the regularized equation , we make the transformations as follows:

1
T= fldev ) XI:_\/f_lxlkdv ) RI:?RIkdv
2

Thus, we obtain the KDV equation with a o(¢) correction term.

O Riov = f.0, Riav = szlkdvaXMv Riav +& [_ fsaz Riav + f,0% Riav + fsaz Rlidv:| =0 (21)

Xiiay Xy Xy Xy

We ignore the o(<)term and get the KDV equation with the soliton solution

A A
R ( Xk Teaw ) = Asech? [\/;( Xy = 3deVH

Where A:% ,
241 f, 51,1,

Hence, we obtain the soliton solution of the KDV equation

(22)



v"A [l—a'stechz{[n+Vl'(hl)t+2[1—2“]'[}
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A

S

g \/zals (o + 7By + 7ﬁlzl Vi (h)+62V, (h) [l_allsj} (23)

4.3  Mkdv equation
In unstable region we consider the slowly varying behaviors for long waves. Slow
variable X,and T are defined just as Eq. (17)

We set the headway as

Ax, =h +eR(X,,T) (24)

Subsitituting Eq.(17) and Eq.(24) into Eqg.(11) and expanding to the fifth order of
¢ we obtain the following nonlinear partial differential equation

&', .:bl _Vll(hlc)}ax‘ R +53|:b|2 _%(Oﬁ +30, + 30, )Vll(hlc)_/%bl:|a§<, R,

+g4{a|aT R, —[%(a, + 7B, +1B, )v,‘(h,c)+%z1bI }ail R,
—la,v,"' (h)y, Rf} +&°{(2b - 4) 0y, 0;R, (25)

a, , 1 4
_[ﬂ(a' +158, +158, )V, (h, ) + 6ﬂ1b,}6xl R
*%al (al +36, +35, )Vlm(hc)ai, RF} =0

V()

M =he 1 e ) = dFs
1.n

. dv (E)
WhereV, (h,)= T
I.n

Near the critical point(h,.a,), taking%:(l—gz) ,b =V, (h)and eliminating both the

A% n=he

second-order and the third-order term of ¢ ,Eq.(25) can be simplified as
aT RI - gla:;’(, RI +ng|a><‘ R|3 + £|:g38§<| RI + 9481, RI + gsai, Rﬁ] =0 (26)

Where



1 1.,
9= E(a' +T1By+ 7ﬁ2')+5/11:|v' (h'c) 9,= *%Vlm(hlc) 9; = %(al +36,+38 )V, (he)

B ) ’

4 zvll he) -4 2b, — |
9, = ( z(a,zc) )+( alc/%)(% +78, +7ﬂ2|)_2i;1(al +154, +158, )~ 64 :‘V' (he)
[ 2Vly hlc A
oo T san o)

We make such transformations as T = iTm R = f&le
2

1
Then we obtain the modified KDV equation with a o(s) correction term.

0. Ry~3 Ry + 0,0, R, + g{gsai, R0 R+ 85 R.ﬂ o @)

1 2

If we ignore o) term, this is just the modified KDV equation with a kink solution as

the desired solution
R(X,.T)= ’ngtanh{\/f(Xl—Bng)}
9 (28)

Where B=—2%20:
29294 739195

Thus , we obtain the kink solution of the headway

ng aIc B a'Ic ! alc
Ax,  (t)=h =L -1 tanh ——=-1 V, (h,)t-Bg,| =-1]t
X|‘n() e gz[al Jan X{ Z(al j><|:n+ |( IC) gl{al J:H

_ (a| +T18, + 7Py )VI' (hlc )+ 3AV) (hlc) an

xtan h{ S{a'clj <[n+V, (h, )t - B(%(a, 176, + 7ﬁ2,)+;z1]vl'(h,c)(%1H}

Cl

5 Conclusions

The two-lane car-following model in this paper is the extension of the FVDM in single
lane. By considering the lateral effects, the model consists not only of the nearest vehi-
cle on neighbor lane but also of its preceding vehicle. Linear analysis of the model
shows that the consideration of lateral effects of the nearest vehicle on neighbor lane
could stabilize the traffic flow. The solutions of Burgers equation, KDV equation, and
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MKDV equation have been derived to describe density waves in three regions respec-
tively.
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