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Abstract. This paper deals with the problem of test generation for
hybrid systems, which are systems with mixed discrete and continuous
dynamics. In our previous work [9], we developed a coverage guided test
generation algorithm, inspired by a probabilistic motion planning tech-
nique. The algorithm is guided via a process of sampling goal states,
which indicate the directions to steer the system towards. In this paper,
we pursue this work further and propose a method to enhance coverage
quality by introducing a new notion of disparity. This notion is used to
predict the situations where the goal states can not be ‘directly’ reached.
We then develop an adaptive sampling method which permits improving
coverage quality. This method was implemented and successfully applied
to a number of case studies in analog and mixed-signal circuits, a domain
where hybrid systems can be used as an appropriate high level model.

1 Introduction

Hybrid systems, that is, systems exhibiting both continuous and discrete dy-
namics, have proven to be a useful mathematical model for various physical
phenomena and engineering systems. Due to the safety critical features of many
such applications, much effort has been devoted to the development of automatic
analysis methods and tools for hybrid systems, based on formal verification. Al-
though these methods and tools have been successfully applied to a number of
interesting case studies, their applicability is still limited to systems of small
size due to the complexity of formal verification. It soon became clear that for
systems of industrial size, one needs more ‘light-weight’ methods. Testing is an-
other validation approach, which can be used for much larger systems and is a
standard tool in industry, although it can only reveal an error but does not per-
mit proving its absence. Although testing has been well studied in the context
of finite state machines (e.g. [13] and references therein) and, more recently, of
real-time systems, it has not been much investigated for continuous and hybrid
systems. Therefore, a question of great interest is to bridge the gap between the
verification and testing approaches, by defining a formal framework for testing
of hybrid systems and developing methods and tools that help automate the
testing process.
A number of special characteristics of hybrid systems make their testing partic-
ularly challenging, in particular the infiniteness of their state space and input



space. In general, in order to test an open system, one first needs to feed an input
signal to the system and then check whether the behavior induced by this input
signal is as expected. When there is an infinite number of possible input signals,
it is important to choose the ones that lead to interesting scenarios (with respect
to the property/functionality to test). Concerning existing work in test genera-
tion for hybrid systems, the paper [12] proposed a framework for generating test
cases by simulating hybrid models specified using the language Charon. The
probabilistic test generation approach based on the motion planning technique
RRT [15], proposed in [5, 11], is similar to the algorithm gRRT we proposed
in [9]. Our method gRRT differs from these in the use of a coverage measure
to guide the test generation. Although for various examples, the guiding tool
significantly improves the coverage quality, it still suffers from a problem that
we call the controllability issue. Roughly speaking, the guiding tool, while trying
to increase the coverage, might make the system follow the directions which are
unreachable. Indeed, any RRT-based search method which does not take into
account the system’s dynamics might suffer from this problem.
In this paper, we propose a method to tackle this controllability issue by in-
troducing a new notion of disparity describing the difference between two dis-
tributions of point sets. The information of the disparity between the goal and
the visited states is used to steer the exploration towards the area where the
dynamics effectively allows to improve the coverage. A combination of this dis-
parity guided method and the coverage guided algorithm gRRT results in a
new adaptive algorithm, which we call agRRT. Experimental results show the
coverage efficiency of the new algorithm. In terms of applications, besides tra-
ditional applications of hybrid systems (e.g. control systems), we have explored
a new domain which is analog and mixed signal circuits. Indeed, hybrid sys-
tems provide a mathematical model appropriate for the modeling and analysis
of these circuits. The choice of this application domain is motivated by the need
in automatic tools to facilitate the design of these circuits which, for various
reasons, is still lagging behind the digital circuit design.
The paper is organized as follows. We recall the hybrid systems testing framework
in Section 2 and the test generation algorithm gRRT in Section 3, where we also
discuss the controllability issue. In Section 4 we introduce the disparity notion
and how to use it to enhance the coverage quality of tests. The last section is
devoted to the experimental results obtained on some benchmarks of analog and
mixed signal circuits.

2 Testing problem

As a model for hybrid systems, we use hybrid automata. In most classic versions
of hybrid automata, continuous dynamics are defined using ordinary differential
equations. However, with a view to applications to circuits where continuous
dynamics are often described by differential algebraic equations, we adapt the
model to capture this particularity.



A hybrid automaton is a tupleA = (X , Q,E, F, I,G,R) where X ⊆ Rn is the con-
tinuous state space; Q is a finite set of locations; E is a set of discrete transitions;
F = {Fq | q ∈ Q} such that for each q ∈ Q, Fq = (Uq,Wq, fq) defines a differential
algebraic equation of the form1: fq(x(t), ẋ(t), u(t), w) = 0 where the input signal
u : R+ → Uq ⊂ Rp is piecewise continuous and w ∈ Wq ⊂ Rm is the parameter
vector; I = {Iq ⊆ Rn | q ∈ Q} is a set of staying conditions; G = {Ge | e ∈ E}
is a set of guards such that for each discrete transition e = (q, q′) ∈ E, Ge ⊆ Iq;
R = {Re | e ∈ E} is a set of reset maps. For each e = (q, q′) ∈ E, Re : Gq → 2Iq′

defines how x may change when A switches from q to q′. The hybrid state space
is S = Q × X . A state (q, x) of A can change by continuous evolution and
by discrete evolution. In location q, the continuous evolution of x is governed
by the differential algebraic equation fq(x(t), ẋ(t), u(t), w) = 0. Let φ(t, x, u(·))
be the solution of this equation with the initial condition x and under the in-

put u(·). A continuous transition (q, x)
u(·),h→ (q, x′) where h > 0 means that

x′ = φ(h, x, u(·)) and for all t ∈ [0, h] : φ(t, x, u(·)) ∈ Iq. We say that u(·) is ad-
missible starting at (q, x) for h time. For a state (q, x), if there exists a transition
e = (q, q′) ∈ E and that x ∈ Ge, then the transition e is enabled, the system can
switch to q′ and the continuous variables become x′ ∈ Re(x). This is denoted
by (q, x) e→ (q′, x′), and we say that the discrete transition e is admissible at
(q, x). The hybrid automata we consider are assumed to be non-Zeno. Note that
this model is non-deterministic (both in continuous and discrete dynamics). To
define our testing framework, we need the notions of inputs and observations.
If an input is controllable by the tester2, it is called a control input; otherwise, it
is called a disturbance input. A control action can be continuous or discrete. We
assume that all the continuous inputs of the system are controllable. Since we
want to implement the tester as a computer program, we are interested in con-
tinuous input functions that are piecewise-constant. Hence, a continuous control
action, such as (ūq, h) specifies that the system continues with the dynamics Fq

under the input u(t) = ūq for exactly h time.
For a state (q, x), a sequence of input actions ω = ι0, ι1, . . . , ιk is admissible at
(q, x) if: (1) ι0 is admissible at (q, x), and (2) for each i = 1, . . . , k, if (qi, xi) be
the state such that (qi−1, xi−1)

ιi−1→ (qi, xi), then ιi is admissible at (qi, xi). The
sequence (q, x), (q1, x1) . . . , (qk, xk) is called the trace starting at (q, x) under ω
and is denoted by τ((q, x), ω).
Since the tester cannot manipulate uncontrollable actions, we need the notion of
admissible control action sequences. However, due to space limitation, we do not
include its formal definition, which can be found in [3]. Intuitively, if we apply a
control action sequence to the automaton, some disturbance actions can occur
between the control actions. A control action sequence that does not cause the
automaton to be blocked is called admissble. The set of traces starting at (q, x)
after an admissible control action sequence ω is denoted by Tr((q, x), ω). We

1 We assume the existence and uniqueness of solutions of these equations.
2 By ‘controllable’ here we mean that the tester can manipulate this input, and it

should not be confused with the term ‘controllable’ in control theory.



denote by SC(A) the set of all admissible control action sequences starting at an
initial state (qinit, xinit).
We assume that the location of the hybrid automaton A is observable by the
tester. We also assume a set Vo(A) of observable continuous variables of A. The
projection of a continuous state x ofA on Vo(A), denoted by π(x, Vo(A)), is called
an observation. The projection can be then defined for a trace. Let ω be an ad-
missible control action sequence starting at an initial state (qinit, xinit) of A. The
set of observation sequences associated with ω is SO(A, ω) = {π(τ, Vo(A)) | τ ∈
Tr((qinit, xinit), ω)}.
In our framework, the specification is modeled by a hybrid automaton A and the
system under test SUT (e.g. an implementation) by another hybrid automaton
As such that Vo(A) ⊆ Vo(As) and SC(A) ⊆ SC(As) (that is, a control sequence
which is admissible for A is also admissible for As). Note that we do not assume
that we know the model As. The goal of testing is to make statements about
the relation between the traces of the SUT and those of the specification. The
tester performs experiments on As in order to study the relation between A
and As. It emits an admissible control sequence to the SUT and measures the
resulting observation sequence in order to produce a verdict (‘pass’, or ‘ fail’,
or ‘inconclusive’). The observations are measured at the end of each continuous
control action and after each discrete (disturbance or control) action.

Definition 1 (Conformance). The system under test As is conform to the
specification A, denoted by A ≈ As, iff ∀ω ∈ SC(A) : π(SO(As, ω), Vo(A)) ⊆
SO(A, ω).

A test case is represented by a (finite) tree where each node is associated with
an observation and each edge with a control action. A hybrid automaton might
have an infinite number of infinite traces; however, the tester can only perform
a finite number of test cases in finite time. Therefore, we need to select a finite
portion of the input space of A and test the conformance of As with respect to
this portion. The selection is done using a coverage criterion that we formally
define in the following.

Star discrepancy coverage. We are interested in defining a coverage measure
that describes how ‘well’ the visited states represent the reachable set. This
measure is defined using the star discrepancy, which is an important notion in
equidistribution theory as well as in quasi-Monte Carlo techniques [1].
We first define the coverage for each location. Since a hybrid system can only
evolve within the staying sets of the locations, we are interested in the coverage
over these sets. For simplicity we assume that all the staying sets are boxes.
If a staying set Iq is not a box, we can take the smallest oriented box that
encloses Iq, and apply the star discrepancy definition to the oriented box after
an appropriate coordination change. Let P be a set of k points inside B =
[l1, L1] × . . . × [ln, Ln], which is the staying set of the location q. Let Γ be the
set of all sub-boxes J of the form J =

∏n
i=1[li, βi] with βi ∈ [li, Li] (see Figure 1

for an illustration). The local discrepancy of the point set P with respect to



the subbox J is D(P, J) = |A(P, J)
k

− λ(J)
λ(B)

| where A(P, J) is the number of

points of P inside J , and λ(J) is the volume of J . The star discrepancy of P
with respect to the box B is defined as: D∗(P,B) = supJ∈Γ D(P, J). Note that
0 < D∗(P,B) ≤ 1.
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Fig. 1. Illustration of the star discrepancy notion.

Intuitively, the star discrepancy is a measure for the irregularity of a set of points.
A large value D∗(P,B) means that the points in P are not well equidistributed
over B. When the region is a hyper-cube, the star discrepancy measures how
badly the point set estimates the volume of the cube.
Let P = {(q, Pq) | q ∈ Q ∧ Pq ⊂ Iq} be the set of hybrid states. We define the
coverage for each location q ∈ Q as Covq(P) = 1−D∗(Pq, Iq).

Definition 2 (Star discrepancy coverage). The coverage of P is defined as:
Cov(P) = 1

||Q||
∑

q∈Q Covq(P) where ||Q|| is the number of locations in Q.

3 Coverage guided test generation

In this section we recall the gRRT algorithm [9], which is a combination of the
Rapidly-exploring Random Tree (RRT) algorithm, a successful robot motion
planning technique (see for example [15]), and a guiding tool used to achieve a
good test coverage. Essentially, the algorithm constructs a tree T as follows (see
Algorithm 1). First, from the set of initial states, we sample a finite number of
initial states, each corresponds to a root of the tree. Similarly, we can consider
a finite number of parameter values and associate them with each initial state.
Along a path from each root, the parameter vector remains constant.
In each iteration, a goal state sgoal is sampled. A neighbor snear = (qnear, xnear)
of sgoal is then determined. This neighbor is used as the starting state for the
current iteration. To define a neighbor of a state, we define a hybrid distance
from s1 = (q1, x1) to s2 = (q2, x2) as an average length of all the potential traces
from s1 to s2 (see [9] for more detail). In ContinuousStep, we want to find an
input ūqnear to take the system from snear towards sgoal as closely as possible
after h time, which results in a new state snew. To find ūqnear , when the set U
is not finite it can be sampled, or one can solve a local optimal control problem.
Then, from snew, we compute its successors by all possible discrete transitions.



Note that the simulator can also detect the uncontrollable discrete transitions
that become enabled during a continuous step, and in this case the current
continuous step is stopped (which is equivalent to using a variable time step).
The algorithm terminates after some maximal number of iterations. To extract
a test case from the tree, we project the states at the nodes on the observable
variables of A.
In the classic RRT algorithms, which work in a continuous setting, only xgoal

needs to be sampled, and a commonly used sampling distribution of xgoal is
uniform over the state space. In addition, the point xnear is defined as a nearest
neighbor of xgoal in some usual distance, such as the Euclidian distance. In
our gRRT algorithm, the goal state sampling is not uniform and the function
GuidedSampling plays the role of guiding the exploration by sampling of goal
states according to the current coverage of the visited states.

Algorithm 1 Test generation algorithm gRRT
T .init(sinit), j = 1 . sinit: initial state
repeat

sgoal = GuidedSampling(S) . S: hybrid state space
snear = Neighbor(T , sgoal)
(snew, ūqnear ) = ContinuousStep(snear, h)
DiscreteSteps(T , snew), j + +

until j ≥ Jmax

Coverage guided sampling. To evaluate the coverage of a set of states, we es-
timate a lower and upper bound of the star discrepancy (exact computation is
well-known to be a hard problem). These bounds as well as the information ob-
tained from their estimation are used to decide which parts of the state space
have been ‘well explored’ and which parts need to be explored more. Let us
briefly describe this estimation method (see [9]). Let B = [l1, L1]× . . .× [ln, Ln].
We define a box partition of B as a set of boxes Π = {b1, . . . , bm} such that
∪m

i=1b
i = B and the interiors of the boxes bi do not intersect. Each such box

is called an elementary box. Given a box b = [α1, β1] × . . . × [αn, βn] ∈ Π,
we define b+ = [l1, β1] × . . . × [ln, βn] and b− = [l1, α1] × . . . × [ln, αn] (see
Figure 1). For any finite box partition Π of B, an upper bound B(P,Π) and
a lower bound C(P,Π) of the star discrepancy D∗(P,B) can be written as:

B(P,Π) = max
b∈Π

max{A(P, b+)
k

− λ(b−)
λ(B)

,
λ(b+)
λ(B)

− A(P, b−)
k

} and C(P,Π) =

max
b∈Π

max{|A(P, b−)
k

− λ(b−)
λ(B)

|, |A(P, b+)
k

− λ(b+)
λ(B)

|}.

To sample a goal state, we first sample a discrete location and then a continuous
state. Let P = {(q, Pq) | q ∈ Q ∧ Pq ⊂ Iq} be the current set of visited states.
The discrete location sampling distribution depends on the current coverage of

each location: Pr[qgoal = q] =
D∗(Pq, Iq)∑

q′∈Q D∗(Pq′ , Iq′)
. To sample xgoal, we first

sample an elementary box bgoal from the set Π, then we sample a point xgoal



in bgoal uniformly. The elementary box sampling distribution is biased in order
to improve the coverage. We favor the selection of an elementary box such that
a new point x added in this box results in a reduction of the lower and upper
bounds(see [9]).
To demonstrate the performance of gRRT, we use two illustrative examples.
For brevity, we call the classical RRT algorithm using uniform sampling and the
Euclidian metric hRRT. The reason we choose these examples is that they differ
in the reachability property. In the first example, the system is ‘controllable’ in
the sense that the whole state space is reachable from the initial states (by using
appropriate inputs), but in the second example the reachable set is only a small
part of the state space.

Fig. 2. Left: The gRRT exploration result. Right: Test coverage evolution.

Example 1. This is a two-dimensional continuous system where the state space
X is a box B = [−3, 3]× [−3, 3]. The continuous dynamics is f(x, t) = u(t) where
the input set is U = {u ∈ R2 | ||u|| ≤ 0.2}.

We use 100 input values resulting from a discretization of the set U . The initial
state is (−2.9,−2.9). The time step is 0.002. Figure 2 shows the result obtained
using gRRT and the evolution of the coverage of the states generated by gRRT
(solid curve) and by hRRT (dashed curve). The figure indicates that gRRT
achieved a better coverage quality, especially in convergence rate.

Example 2. This example is a linear system with a stable focus at the origin.
Its dynamics is as follows: ẋ = −x − 1.9y + u1 and ẏ = 1.9x − y + u2. We let
the dynamics be slightly perturbed by an additive input u. The state space is
the box B = [−3, 3]× [−3, 3]. The input set U = {u ∈ R2 | ||u|| ≤ 0.2}. Figure 3
shows the results obtained after 50000 iterations. We can see that again the
guided sampling method achieved a better coverage result.



Fig. 3. Results obtained using the guided sampling method (left) and using the uniform
sampling method (right).

Controllability issue. From different experiments with Example 2, we ob-
served that the coverage performance of gRRT is not satisfying when the reach-
able space is only a small part of the whole state space. This can be explained
as follows. There are boxes, such as those near the bottom right vertex of the
bounding box, which have a high potential of reducing the bounds of the star
discrepancy. Thus, the sampler frequently selects these boxes. However, these
boxes are not reachable from the initial states, and all attempts to reach them
do not expand the tree beyond the boundary of the reachable set. This results
in a large number of points concentrated near this part of the boundary, while
other parts of the reachable set are not well explored.
It is important to emphasize that this problem is not specific to gRRT. The
RRT algorithm using the uniform sampling method and, more generally, any al-
gorithm that does not take into account the differential contraints of the system,
may suffer from this phenomenon. This phenomenon can however be captured
by the evolution of the disparity between the set of goal states and the set of
visited states. This notion will be formally defined in the next section. Roughly
speaking, it describes how different their distributions are. When the disparity
does not decrease after a certain number of iterations, this often indicates that
the system cannot approach the goal states, and it is better not to favor an
expansion towards the exterior but a refinement, that is an exploration in the
interior of the already visited regions.
Figure 4 shows the evolution of the disparity between the set P k of visited states
at the kth iteration and the set Gk of goal states for the two examples. We observe
that for the system of Example 1 which can reach any state in the state space,
the visited states follow the goal states, and thus the disparity gets stabilized
over time. However, in Example 2, where the system cannot reach everywhere,
the disparity does not decrease for a long period of time, during which most of
the goal states indicate unreachable directions.



Figure 4 shows the Voronoi diagram of a set of visited states. The boundary
of the reachable set can be seen as an ‘obstacle’ that prevents the system from
crossing it. Note that the Voronoi cells of the states on the boundary are large
(because they are near the large unvisited part of the state space). Hence, if
the goal states are uniformly sampled over the whole state space, these large
Voronoi cells have higher probabilities of containing the goal states, and thus
the exploration is ‘stuck’ near the boundary, while the interior of the reachable
set is not well explored.

Fig. 4. Left: Disparity between the visited states and the goal states.

To tackle this problem, we introduce the notion of disparity to describe the
‘difference’ in the distributions of two sets of points. The controllability problem
can be detected by a large value of the disparity between the goal states and
the visited states. We can thus combine gRRT with a disparity based sampling
method, in order to better adapt to the dynamics of the system. This is the topic
of the next section.

4 Disparity guided sampling

The notion of disparity between two point sets that we develop here is inspired
by the star discrepancy. Indeed, by definition, the star discrepancy of a set P
w.r.t. the box B can be seen as a comparison between P and an ‘ideal’ infinite
set of points distributed all over B. Let P and Q be two sets of points inside
B. Let J be a sub-box of B which has the same bottom-left vertex as B and
the top-right vertex of which is a point inside B. Let Γ be the set of all such
sub-boxes. We define the local disparity between P and Q with respect to the

sub-box J as: γ(P,Q, J) = |A(P, J)
||P ||

− A(Q, J)
||Q||

| where A(P, J) is the number of

points of P inside J and ||P || is the total number of points of P .



Definition 3 (Disparity). The disparity between P and Q with respect to the
bounding box B is defined as: γ∗(P,Q,B) = supJ∈Γ γ(P,Q, J).

The disparity satisfies 0 < γ∗(P,Q,B) ≤ 1. A small value γ∗(P,Q,B) means that
the distributions of the sets P and Q over the box B are ‘similar’. To illustrate
our notion of disparity, we consider two well-known sequences of points: the
Faure and Halton sequences [6, 14], shown in Figure 5. Their disparity is 0.06,
indicating that they have similar distributions. The second example is used to
compare the Faure sequence and a set of 100 points concentratred in some small
rectangle, and the disparity between them is large (0.54).
The exact computation of the disparity is as hard as the exact computation
of the star discrepancy, which is due to the infinite number of the sub-boxes.
We propose a method for estimating a lower and an upper bound for this new
measure. Let Π be a box partition of B. Let P , Q be two sets of points inside
B. For each elementary box b ∈ Π we denote µm(b) = max{µc(b), µo(b)} where

µc(b) =
A(P, b+)
||P ||

− A(Q, b−)
||Q||

, µo(b) =
A(Q, b+)
||Q||

− A(P, b−)
||P ||

. We also denote

c(b) = max{|A(P, b−)
||P ||

− A(Q, b−)
||Q||

|, |A(P, b+)
||P ||

− A(Q, b+)
||Q||

|}.

Theorem 1. [Upper and lower bounds] An upper bound Bd(P,Q,Π) and a
lower bound Cd(P,Q,Π) of the disparity between P and Q are: Bd(P,Q,Π) =
maxb∈Π{µm(b)} and Cd(P,Q,Π) = maxb∈Π{c(b)}.

For each elementary box b = [α1, β1]× . . .× [αn, βn] ∈ Π, we define the W-zone,
denoted by W(b), as follows: W(b) = b+ \ b−.

Theorem 2. A bound on the disparity estimation error is:

Bd(P,Q,Π)− Cd(P,Q,Π) ≤ max
b∈Π

max{A(P,W(b))
||P ||

,
A(Q,W(b))

||Q||
}.

The above error bounds can be used to dynamically refine the partition. The
proofs of the above results can be found in [3].

Disparity guided sampling. The essential idea of our disparity based sampling
method is to detect when the dynamics of the system does not allow the tree to
expand towards the goal states and then to avoid such situations by favoring a
refinement, that is an exploration near the already visited states.
A simple way to bias the sampling towards the set P k of already visited states is
to reduce the sampling space. Indeed, we can make a bounding box of the set P k

and give more probability of sampling inside this box than outside it. Alterna-
tively, we can guide the sampling using the disparity information as follows. The
objective now is to reduce the disparity between the set Gk of goal states and
the set P k of visited states. Like the guiding method using the star discrepancy,
we define for each elementary box b of the partition a function η(b) reflecting the
potential for reduction of the lower and upper bounds of the disparity between



Fig. 5. Left: Faure sequence (+ signs) and Halton sequence (∗ signs). Right: Faure
sequence (+ signs) and another C pseudo-random sequence (∗ signs).

P k and Gk. This means that we favor the selection of the boxes that make the
distribution of goal states Gk approach that of the visited states P k. Choosing
such boxes can improve the quality of refinement. The formulation of the po-
tential influence function for the disparity-based sampling method is similar to
that for the coverage guided sampling.
A combination of the coverage guided and the disparity guided sampling methods
is done as follows. We fix a time window Ts and a threshold ε. When using the
coverage guided method, if the algorithm detects that the disparity between the
Gk and P k does not decrease by ε after Ts time, it switches to the disparity guided
method until the disparity is reduced more significantly and switches back to the
coverage guided method. Note that a non-decreasing evolution of the disparity
is an indication of the inability of the system to approach the goal states. In an
interactive exploration mode, it is possible to let the user to manually decide
when to switch. As mentioned earlier, we call the resulting algorithm agRRT
(the letter ‘a’ in this acronym stands for ‘adaptive’).

Fig. 6. Left: Test coverage of the result obtained using agRRT for Example 1.



We use the examples in the previous section to demonstrate the coverage im-
provement of agRRT. Figure 6 shows that the final result for Example 1 ob-
tained using agRRT has a better coverage than that obtained using gRRT.
The solid curve represents the coverage of the set P k of visited states and the
dashed one the coverage of the set Gk of goal states. The dash-dot curve repre-
sents the disparity between Gk and P k. The result obtained using agRRT for
Example 2 is shown in Figure 7, which also indicates an improvement in coverage
quality. The figure on the right shows the set of generated goal states, drawn in
dark color. In this example, we can observe the adaptivity of the combination of
gRRT and agRRT. Indeed, in the beginning, the gRRT algorithm was used
to rapidly expand the tree. After some time, the goal states sampled from the
outside of the exact reachable space do not improve the coverage, since they
only create more states near the boundary of the reachable set. In this case, the
disparity between P k and Gk does not decrease, and the agRRT is thus used
to enable an exploration in the interior of the reachable set. The interior the
reachable set thus has a higher density of sampled goal states than the outside,
as one can see in the figure.

Fig. 7. Result obtained using agRRT. Left: visited states P k, right: goal states Gk.

5 Applications to analog and mixed-signal circuits

Using the above results, we implemented a test generation tool and tested it
on a number of control applications, which proved its scalability to high di-
mensional systems [9]. In this implementation, all the sets encountered in the
hybrid automaton definition are convex polyhedra. For circuit applications, we
use the well-known RADAU algorithm for solving differential algebraic equations
(DAE). We recall that solving high index and stiff DAEs is computationally ex-
pensive, and in order to evaluate the efficiency of the test generation algorithm,
we have chosen two practical circuits with DAEs of this type. The three cir-
cuits we treated are: a transistor amplifier, a voltage controlled oscillator, and a



Delta-Sigma modulator circuit. As described earlier, we use a criterion based on
the disparity to automatically detect the controllability problem and to switch
to the disparity guided strategy for some time. This criterion is necessary be-
cause it is not easy to anticipate whether the system under study is ‘highly
controllable’ or not. However, prior knowledge of the system’s behavior can be
helpful in the decision of favoring one strategy over the other. Among the circuit
benchmarks we treated, the Delta-Sigma circuit has an expansive dynamics and
thus we could predict that the coverage-guided strategy is appropriate. However,
for the transistor amplifier and the voltage controlled oscillator circuit, a more
frequent use of the disparity guided strategy was necessary.

Transistor amplifier. The first example is a transistor amplifier model [4],
shown in Figure 8, where the variable yi is the voltage at node i; Ue is the
input signal and y8 = U8 is the output voltage. The circuit equations are a
system of non-linear DAEs of index 1 with 8 continuous variables.The circuit
parameters are: Ub = 6; UF = 0.026; R0 = 1000; Rk = 9000, k = 1, . . . , 9;
Ck = k10−6; α = 0.99; β = 10−6. The initial state yinit = (0, Ub/(R2/R1 +
1), Ub/(R2/R1 + 1), Ub, Ub/(R6/R5 + 1), Ub/(R6/R5 + 1), Ub, 0). To study the

Fig. 8. Test generation result for the transistor amplifier.

influence of circuit parameter uncertainty, we consider is a perturbation in the
relation between the current through the source of the two transistors and the

voltages at the gate and source IS = g(UG − US) = β(e
UG−US

UF − 1) + ε, with
ε ∈ [εmin, εmax] = [−5e − 5, 5e − 5]. The input signal Ue(t) = 0.1sin(200πt).
The acceptable interval of U8 in the non-perturbed circuit is [−3.01, 1.42]. Once
the initial transient period has settled down, the generated test case leads to an
overshoot after 18222 iterations (corresponding to 1.1mn of computation time).
The total computation time for generating 50000 states was 3mn. Figure 8 shows
the generated states projected on U8 over the first 0.03 seconds.

Voltage controlled oscillator. The circuit [7] is described by a system of
DAEs with 55 continuous variables. The oscillating frequency of the variables
vC1 and vC2 is a linear function of the input voltage uin. We study the influence of



a time-variant perturbation in C2, modeled as an input signal, on this frequency.
We show that, in addition to conformance relation, using this framework, we can
test a property of the input/output relation. The oscillating period T ± δ of vC2

can be expressed using a simple automaton with one clock y in Figure 9. The
question is to know if given an oscillating trace in A, its corresponding trace
in As is also oscillates with the same period. This additional automaton can
be used to determine test verdicts for the traces in the computed test cases.
If an observation sequence corresponds to a path entering the ‘Error’ location,
then it causes a ‘fail’ verdict. Since we cannot use finite traces to prove a safety
property, the set of obsevation sequences that cause a ‘pass’ verdict is empty,
and therefore the remaining obsevation sequences (that do not cause a ‘fail’
verdict) cause a ‘inconclusive’ verdict. We consider a constant input voltage

Error

y := 0
T − δ ≤ y ≤ T + δ ∧ |x1| ≤ ε

y := 0
x1 = 0

ẋ1 = 0
ẏ = 1
y ≤ Tp

y > T + δ
∧ |x1| ≤ ε

Fig. 9. Left: Automaton for an oscillation specification. Right: Variable vC2 over time.

uin = 1.7. The coverage measure was defined on the projection of the state
space on vC1 and vC2 . The generated test case shows that after the transient
time, under a time-variant deviation of C2 which ranges within ±10% of the
value of C2 = 0.1e − 4, the variables vC1 and vC2 oscillate with the period
T ∈ [1.25, 1.258]s (with ε = 2.8e − 4). This result is consistent with the result
presented in [7]. The number of generated states was 30000 and the computation
time was 14mn. Figure 9 shows the explored traces of vC2 over time.

Delta-Sigma circuit. We consider a third-order Delta-Sigma modulator [10],
which is a mixed-signal circuit. When the input sinusoid is positive and its value
is less than 1, the output takes the +1 value more often and the quantization error
is fed back with negative gain and ‘accumulated’ in the integrator 1

z−1 . Then,
when the accumulated error reaches a certain threshold, the quantizer switches
the value of the output to −1 to reduce the mean of the quantization error. A
third-order Delta-Sigma modulator is modeled as a hybrid automaton, shown in
Figure 10. The discrete-time dynamics of the system is as follows: x(k + 1) =
Ax(k) + bu(k) − sign(y(k))a, y(k) = c3x3(k) + b4u(k) where x(k) ∈ R3 is the
integrator states, u(k) ∈ R is the input, y(k) ∈ R is the input of the quantizer.
Thus, its output is v(k) = sign(y(k)), and one can see that whenever v remains



constant, the system dynamics is affine continuous. A modulator is stable if under
a bounded input, the states of its integrators are bounded. The test generation

Fig. 10. Model of a third-order modulator and test generation result.

algorithm was performed for the initial state x(0) ∈ [−0.01, 0.01]3 and the input
values u(k) ∈ [−0.5, 0.5]. After exploring only 57 states, saturation was already
detected. The computation time was less than 1 second. Figure 10 shows the
values of (supx1(k))k as a function of the number k of time steps. We can see
that the sequence (supx1(k))k leaves the safe interval [−xsat

1 , xsat
1 ] = [−0.2, 0.2],

which indicates the instability of the circuit. This instability for a fixed finite
horizon was also detected in [2] using an optimization-based method.

6 Related work and conclusions

In this paper, we described the agRRT algorithm which is a combination of
the coverage guided test generation algorithm gRRT and a disparity guided
algorithm. The latter uses the information about the disparity between the goal
states and the visited states in order to steer the exploration towards the area
where the dynamics of the system allows to better improve the test coverage.
We provided some examples to show the efficiency of this guiding tool, in terms
of coverage improvement. We also reported some experimental results where our
test generation tool successfully treated a number of benchmarks in analog and
mixed-signal circuits.
Concerning related work along this line, sampling the configuration space has
been a fundamental problem in probabilistic motion planning. Our idea of guid-
ing the simulation via the sampling process has some similarity with the sampling
domain control [15]. In this work, the domains over which the goal points are
sampled need to reflect the geometric and differential constraints of the system,
and more generally, the controllability of the system. In [8], another method for
biasing the exploration was proposed. The main idea of this method is to reduce
the dispersion in an incremental manner. This idea is thus very close to the idea



of our guiding method in spirit; however, their concrete realizations are different.
This method tries to lower the dispersion by using K samples in each iteration
(instead of a single sample) and then select from them a best sample by taking
into account the feasibility of growing the tree towards it. Finally, we mention
that the controllability issue was addressed in [5] where the number of successful
iterations is used to define an adaptive biased sampling.
A number of directions for future research can be identified. First, we are inter-
ested in enriching our framework to capture partial observability and measure-
ment imprecisions. To facilitate the application to practical circuits, we need a
tool for automatic generation of hybrid automata from commonly-used circuit
descriptions, such as SPICE netlists.
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